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Abstract

The most obvious choice for a robot design to assist in people’s homes with daily tasks is a huma-
noid bipedal robot. Such a robot can operate in the human living space just as a human would do.
Accurate knowledge about the parameters of a model for a bipedal humanoid robot is needed to
control such a robot. The design of stable walking gaits is based on such a model. A lot of huma-
noid control strategies use the center of mass (CoM) model as an approximation for the balance of
the robot. The projection of the CoM on the ground corresponds to the center of pressure (CoP) if
the robot is static, i.e. stable and not moving. This CoP can be determined from measurements of
the ground contact forces of the robot. A method to estimate the unknown parameters of the CoM
model is derived. For this, the 3D CoM model of the humanoid robot TUlip is rewritten to a form
suitable for estimation. The method uses measurements of the CoP and joint angles of the robot for
a number of static postures. The identifiable parameter combinations using these measurements
are determined.

A number of measurement postures which are feasible on the humanoid robot TUlip are derived.
These postures fulfill a number of constraints, such as mechanical limits of the robot and a stability
limit. The stability limit ensures that the robot is balanced and does not fall over. These postures
are optimized to increase the accuracy of the estimated parameters. The static estimation method
is first tested using simulation data. After that the measurement postures are implemented on
TUlip. The measurements of the centers of pressure and joint angles for these postures are used to
estimate the CoM parameters of TUlip. The joint angles are measured using TUlip’s joint encoders.
The CoP is measured by placing the robot on measurement boards, which are able to measure the
ground contact forces. The accuracy of the parameter values, estimated using the experimental
data, is determined using a statistical analysis. This shows that the estimation results look reliable
for the most important parameters. The parameters of a simplified CoM model are also estimated.
A number of parameters are eliminated in this simplified model. Using the simplified model the
CoP can be predicted almost as accurately as with the full model.

The parameter estimation method is extended to also include the dynamic parameters of the robot.
For this the zero moment point (ZMP) model is used. The ZMP model is a model for the CoP
for a dynamic robot. The identifiable combinations of parameters are derived for this model. The
dynamic method again uses measurements of the CoP and joint angles of the robot. Now the joint
velocities and accelerations are also used as the dynamic parameters are estimated. This dynamic
estimation method is tested using simulation data. For these simulations existing motions of TUlip
are used. These motions are forward walking, side stepping and turning around a point. The
estimation results show that the existing motions are too slow to estimate all dynamic parameters
accurately.
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Samenvatting

De meest voor de hand liggende keuze voor een robot die bij mensen thuis kan helpen met de
dagelijkse taken is een humanoïde tweebenige robot. Een dergelijke robot kan functioneren in een
menselijke leefruimte net als een mens zou doen. Nauwkeurige kennis over de parameters van een
model voor een tweebenige humanoïde robot is noodzakelijk om een dergelijke robot te regelen.
Het ontwerp van stabiele loopbewegingen is gebaseerd op een dergelijk model. Een groot aantal
regelstrategieën voor humanoïden gebruikt het massamiddelpunt model als benadering voor de
balans van de robot. De projectie van dit massamiddelpunt op de grond komt overeen met het
drukzwaartepunt als de robot statisch is, dat wil zeggen stabiel staand en niet bewegend. Dit druk-
zwaartepunt kan bepaald worden door het meten van de grond contact krachten van de robot. Een
methode om de onbekende parameters van het 3D massamiddelpunt model te bepalen is afgeleid.
Hiervoor is dit model van de humanoïde robot TUlip omgeschreven naar een vorm die geschikt
is voor parameter schatting. Deze methode gebruikt metingen van het drukzwaartepunt en de ge-
wrichtshoeken van de robot voor een aantal houdingen. De identificeerbare parameter combinaties
wanneer zulke metingen worden gebruikt zijn bepaald.

Een aantal meethoudingen welke mogelijk zijn op de robot TUlip is bepaald. Deze houdingen
moeten aan een aantal beperkingen voldoen, zoals mechanische limieten van de robot en een stabi-
liteitslimiet die ervoor dat de robot in balans is en niet omvalt. Deze houdingen zijn geoptimaliseerd
om de nauwkeurigheid van de geschatte parameters te verhogen. De statische schattingsmethode
is eerst getest door gebruik te maken van simulatie data. Hierna zijn de houdingen geïmplemen-
teerd op TUlip. De gewrichtshoeken voor deze houdingen zijn gemeten met behulp van TUlip’s
gewrichtshoek encoders. Het drukzwaartepunt is gemeten door de robot op meetplaten te plaat-
sen; deze platen zijn in staat om de grond contact krachten te meten. De nauwkeurigheid van de
parameter waarden, geschat met de experimentele data, is bepaald met behulp van een statistische
analyse. Dit laat zien dat de schattingsresultaten betrouwbaar zijn voor de belangrijkste parameters.
De parameters van een versimpeld massamiddelpunt model zijn ook geschat. Een aantal parame-
ters zijn geëlimineerd in dat versimpelde model. Het drukzwaartepunt van de robot kan bijna net
zo nauwkeurig worden voorspeld met dit versimpelde model als met het volledige model.

De parameter schattingsmethode is uitgebreid zodat deze ook de dynamische parameters van de
robot bevat. Hiervoor is het nul-moment-puntmodel gebruikt. Dit model is een model voor het
drukzwaartepunt voor een dynamische robot. De identificeerbare combinaties van parameters zijn
bepaald voor dit model. De dynamische methode maakt weer gebruik van metingen van het druk-
zwaartepunt en de gewrichtshoeken. Omdat nu ook dynamische parameters worden geschat zijn
ook gewrichtssnelheden en acceleraties nodig. Deze schattingsmethode is getest door gebruik te
maken van simulatie data. Hiervoor zijn drie bestaande bewegingen van TUlip gebruikt, voor-
uit lopen, zijwaartse stappen en rond een punt draaien. Uit de schattingsresultaten blijkt dat de
bestaande bewegingen te langzaam zijn om alle dynamische parameters nauwkeurig te kunnen
schatten.
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Nomenclature

Symbols
χ Design variables
I Inertia tensor [kg m2]
ω Angular velocity [rad s−1]
φ Orientation vector in roll, pitch and yaw [rad]
τ Torques vector [Nm]
θ Vector of joint angles [rad]
ϑ Parameter set
ζ Vector of input data
A Rotation matrix
C Vector with Coriolis and centripetal terms
e Error vector
f Vector of fundamental functions
g Vector with gravitational terms
H Estimation data matrix
I Inertia matrix [kg m2]
L Angular momentum vector [N m s]
M Mass matrix
P Linear momentum vector [N s]
p Position vector [m]
q Generalized coordinates
R Regressor matrix
T Transformation matrix
y Estimation data vector
η Number of postures [-]
N Number of functions [-]
P Number of unknown parameters [-]
µ Number of foot positions [-]
ρ Correlation [-]
σ Standard deviation
ϕ, θ, ψ Orientation angels in roll, pitch and yaw [rad]
cix, ciy, cix Mass positions of link i [m]
d Distance [m]
E Energy [J]
F Force [N]
g Gravity constant [m s−2]
lix, liy, lix Link lengths of link i [m]
M Total mass [kg]
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m Number of measurements [-]
mi Mass of link i [kg]
Mx,My,Mx Moments around x-,y- and z-axis [Nm]
n Number of links [-]
p Number of base parameters [-]
r Number of data points [-]
s Number of sensors [-]
se() Standard error
t Time [s]
x, y, z Cartesian coordinates [m]

Abbreviations
CoM Center of Mass
CoP Center of Pressure
WBB Wii Balance Board
ZMP Zero Moment Point

Notation
�̇, �̈ First derivative, second derivative
�̂ Estimate
�> Transpose of a vector or matrix
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Chapter 1

Introduction

1.1 Humanoid robots

In the future more and more robots will accomplish human tasks. For example, they assist older
people such that they can continue to live independently till a higher age. The most obvious choice
for such a robot is a humanoid robot. The main advantage of a humanoid robot is that it can
operate in a human environment. Some tasks can also be done by a wheeled robot with human like
arms. However, to be able to navigate through a human environment with many obstacles a bipedal
walking robot is beneficial. Humans can easily navigate through an environment with obstacles
such as doorsteps, stairs or uneven surfaces. A human like walking robot can also operate in such
environments. Wheeled robots, such as certain care robots cannot operate in these surroundings
as they are only able to drive on flat surfaces.

One of the best known and most advanced humanoid robots is ASIMO, shown in Figure 1.1(a).
ASIMO is a 130 [cm] tall robot with 57 degrees of freedom in its legs, arms and head. ASIMO is the
result of humanoid robot research and development by Honda since the 1980s [3]. A commercially
available humanoid robot is the 58 [cm] tall Nao robot by Aldebaran Robotics [4], shown in Figure
1.1(b). Nao is a fully programmable robot with 25 degrees of freedom, used for education, research,
development and to compete in RoboCup competitions. Both ASIMO and Nao are actuated by elec-
tric motors powered by internal batteries. Another type of humanoid robot is PETMAN, designed
and build by Boston Dynamics [5]. PETMAN, shown in Figure 1.1(c), is an anthropomorphic robot
designed for testing chemical protection clothing. PETMAN uses hydraulic actuators, pressurized
by an external hydraulic circuit, which is powered by a combustion engine. The above examples
show the variation in contemporary humanoid robot designs.

The Dynamics and Control group of the Eindhoven University of Technology (TU/e) is also active in
the field of humanoid robotics. A result of this is the humanoid robot TUlip [6]. TUlip is a 134 [cm]
tall adult size bipedal humanoid robot. The current TU/e version is shown in Figure 1.1(d). The
original design of TUlip is built for the DutchRobotics initiative. DutchRobotics is a collaboration
between the three technical universities in the Netherlands and Philips. Each partner in this project
has its own TUlip. Each leg of TUlip has six degrees of freedom, three in the hip, one in the
knee and two in the ankle. TUlip’s head consists of two cameras, mounted to the torso with two
Dynamixel servo motors such that the head can rotate in yaw and pitch direction. TUlip’s arm
consist of one link which is attached to the torso with a Dynamixel servo motor in the shoulder.
TUlip is equipped with a number of sensors. A FlexiForce force sensor is mounted at each corner
point of the feet to measure the ground contact forces. An Xsense inertial measurement unit is
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(a) Asimo (b) Nao (c) Petman (d) TUlip

Figure 1.1: Humanoid robots

mounted on its shoulder. This sensor measured the orientation and acceleration of the torso with
respect to the world. For this, measurements of the gravity direction and earth’s magnetic field are
used. On each leg joint two encoders are mounted, one on the joint axis and one on the motor axis.
These measure the respective angles, which may differ due to flexibilities, friction, or backlash in
the drivetrain.

Electric DC-motors are used to actuate all leg joints through gearboxes. The motor/gearbox com-
bination is attached directly to three of the six joint-axes, the other three axes are actuated via steel
cables. In the original design of TUlip [22], an elastic element was present in these cables, thus
enabling series-elastic actuation. The elongation of this elastic element could be measured, because
encoders are present at the motor and joint side. This elongation is a measure for the applied
joint torque, thereby providing the possibility to use force control on these joints. There were how-
ever a number of mechanical problems with the implementation of this series-elastic actuation.
Series-elastic actuation has therefore been removed from the current version of TUlip. Other de-
sign changes are also made to the TU/e version of TUlip since its original design. The hip joints
are for example redesigned [28].

TUlip weights 23 [kg] excluding batteries. The robot is able to operate fully autonomous using
an onboard computer and batteries. However during testing and experiments it is in most cases
connected to an auxiliary power supply as the batteries have a limited operation time of half an
hour. TUlip is also used to compete in the annual RoboCup soccer competition. First under the
DutchRobotics name and since 2012 as part of the existing TU/e Robocup team Tech United [38].
TUlip competes in the adult size humanoid competition. During the dribble and kick competition
the robot must be able to autonomously locate the ball, walk to the ball and kick the ball to the goal,
all within a limited amount of time.
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1.2 Parameter estimation

Human like walking for humanoid bipedal robots introduces a number of challenges. The motions
of a humanoid robot are difficult to control due to the complex, nonlinear nature of the dynamics.
To analyse these motions an important tool is a simulation model of the biped. However, the
correlation between the simulation results and the real dynamics depends on accurate knowledge
of the inertial parameters of the robot. For TUlip, a simulation model is available [7], however this
model uses guessed values for the parameters. Model based controllers are widely used to control
the motions of humanoid robots. These control strategies also depend on the inertial parameters of
the system.

Another important aspect of the control of bipedal walking is the stability of the robot. The robot
may not fall during any phase of the walking gait. The stability of a humanoid robot can be checked
by determining the position of the center of pressure (CoP) of the robot. All ground contact forces
can be lumped together to a single ground reaction force working at one point. This point is called
the center of pressure. The robot is stable if this point lies within the support polygon. The support
polygon is defined as the convex hull of all ground contact points. For the design of a stable gait the
position of the CoP must be predicted for a certain trajectory. In the static case the CoP coincides
with the projection of the total center of mass (CoM) of the robot on the ground. In the dynamic
case the CoP position is equal to the so called Zero Moment Point (ZMP) [40]. A model for the
CoM position is a function of the joint positions while the ZMP model is also a function of the joint
velocities and accelerations. If the motions are slow the CoM can be used to approximate the CoP.
Both CoM and ZMP models contain model parameters of the robot.

A lot of walking strategies are based on either the ZMP or the CoM model. The ZMP model can be
used to predict the CoP for a certain gait and with that the stability can be checked. Honda’s Asimo
[3] uses ZMP control. However, many model based controllers use a model of the CoM of the robot
to design stable walking gaits. The use of the CoM model for balance instead of the full dynamics
included in the ZMP is preferred as the CoM model is much simpler. The CoM model also only
depends on the joint angles and not on their velocities and accelerations. Control strategies using
the CoM model are for example using the 3D linear inverted pendulum model (3D-LIPM) [23].
The 3D-LIPM model simplifies the robot dynamics to a linear inverted pendulum with mass at the
robot’s CoM position. This simplified model is then used to design walking gaits [24, 27]. A 3D-
LIPM model based controller has also been implemented on TUlip [34]. This however did not result
in a fully stable walking gait for TUlip, partly because of mechanical problems and partly because
of the uncertainty in the used model parameters. Other walking strategies using the CoM model
are for example based on capture points [27] or the foot placement estimator [37].

The goal of this thesis is to estimate the inertial parameters of a bipedal humanoid robot. The in-
ertial parameters contain the masses, mass positions and inertias of all links of the robot. Accurate
knowledge about the parameters of a humanoid robot is beneficial for the analysis, simulation and
control of such a robot. To obtain these parameter values parameter estimation techniques can
be used. Classical robotic system identification methods are based on torque measurement data
[26, 32]. TUlip has no sensor to measure the joint torques, however, ground contact force sensors
are available, which makes it possible to measure the CoP. Therefore CoP measurements are used
for estimation, also because the CoP is an important measure for the control of humanoid robots.

First the static case is considered, where the CoP coincides with the CoM projection on the ground.
Existing estimation methods for the CoM model [15] are only available for 2D models. These use two
planar 2D models to estimate the 3D CoM position. However, this means that couplings between
these two planes are neglected. This work contributes a method to estimate a full 3D humanoid
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CoM model, based on CoP and joint angle measurements for a number of robot postures. Feasible
measurement postures are derived and optimized to increase the accuracy of the parameter esti-
mates. The optimization of the measurement points ensures that the parameters can be estimated
as accurate as possible within the limits of the robot. Such optimization is widely uses to design
estimation trajectories for robotic manipulators [32].

The static estimation method is validated using the aforementioned TUlip simulator model. Fur-
thermore the static estimation method is also used to estimate the CoM parameters of TUlip. For
this the CoP and joint angles of TUlip are measured for the designed postures. The reliability of the
estimated parameter values is checked using a statistical analysis.

The static estimation technique is also extended to also include the dynamic parameters. This
derived method is based on the ZMP model. An existing dynamic humanoid estimation method
[8] uses measurements of the contact forces, joint angles, joint velocities, joint accelerations and
measurements of the floating base (e.g. the torso) position, velocity and acceleration. The derived
ZMP estimation method does not depend on measurements of such a floating base, because the
used ZMP model uses one of the feet as a base link. The contributed dynamic estimation method
is tested using simulation data. For this existing TUlip motions are used.

1.3 Outline

This report is organized as follows. Chapter 2 gives an overview of robot parameter estimation
methods found in literature, both in the general case and especially for humanoid robots. The
CoM and ZMP model are also discussed, as both are commonly used in model based humanoid
controllers. Chapter 3 describes an static parameter estimation method using the CoM model. This
method uses CoP measurements of static robot postures. These postures are selected randomly and
then optimizes to increase the accuracy of the estimation results, as discussed in chapter 3. Chapter
4 gives the parameter estimation results, first using simulation data and second using experiment
data. This experiment data is obtained from CoP measurements on our humanoid robot TUlip
for the designed postures. The used measurement method is also discussed. In chapter 5 the
parameter estimation method is extended to also contain the dynamic parameters. This dynamic
estimation method is based on the ZMP model. This method also uses CoP measurements, now for
a robot in motion. This dynamic method has been tested using simulation data. Finally in Chapter
6 conclusions are drawn and recommendations for future work are given. A paper submitted to the
2013 International Conference on Intelligent Robots and Systems is included in Appendix F.
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Chapter 2

Literature review

Several mathematical models are used to design trajectories for robots and to control the robot joints
such that these trajectories are accurately followed [18]. First of all forward and inverse geometric
models are used to determine the end effector position as a function of the joint angles and vice
versa. Likewise, forward and inverse kinematic models give the relation between the end-effector
velocity and the joint velocities. The parameters of these kinematic and geometric models are the
dimensions of the robot links. These link lengths and offsets are known from the design of the
robot or can easily be measured on the robot. It is also possible to determine these parameters by
measuring the end-effector position and joint angles for a number of robot configurations.

Another type of model used in robot control is a dynamic model. Such a model gives the relation
between the torques and forces of the actuators and the joint positions, velocities and accelerations.
With this, the required joint torques for a given trajectory can be predicted beforehand, if accurate
knowledge of the dynamic model and its parameters are available. A dynamic model can also be
used to perform simulations of the robot dynamics, which makes it possible to predict the robot’s
behaviour for certain inputs. Parameter estimation of a dynamic robot model is discussed in Section
2.1. Dynamic estimation of the parameters of a humanoid robot is also discussed in literature as
is described in Section 2.2. An important aspect of parameter estimation is determining the base
parameter set for the used estimation model. Different methods exist to do this, as explained in
Section 2.3. An important part of the control of humanoid bipedal robots is the balance of the
robot. Models used to control the balance of humanoids are the center of mass (CoM) model and
the Zero Moment Point (ZMP) model. These models are given in Section 2.4. Estimation of the
these models is also discussed in that section. Finally in Section 2.5 a number of conclusions are
drawn from this literature review with regard to the estimation of the parameters of humanoids.

2.1 Robot parameter estimation

Several schemes have been proposed in literature to identify the inertial parameters of dynamic
models of robots. The inertial parameters of a robot are for each link [26]:

• The mass mi.

• The 3 elements of the vectormici, where ci = [cix ciy ciz]
> are the positions of the link center

of mass with respect to the link frame in x-, y- and z-direction.

• The 6 unique elements of the symmetric inertia matrix I .
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• Possibly some actuator parameters such as actuator inertia and viscous and coulomb friction
parameters, however these are not always modelled.

All robot models are also a function of the geometric parameters of the robot, which are the dimen-
sions of the links. These are however in most cases known, as they can be measured easily. A key
feature of all parameter estimation techniques is that they use a model which is linear in the inertial
parameters to identify these parameters. This means that linear regression techniques can be used
to estimate these parameters. Such a model can for example be a dynamic model, energy model or
power model [26]. Most techniques use the equations of motion for identification [32, 25], which
are for a robotic system given by [31]:

M(q)q̈ +C(q, q̇)q̇ + g(q) + τf = τ , (2.1)

whereM is an inertia matrix,C is a term contains the centripetal and Coriolis terms, g containing
gravitational effects, τf contains the friction forces and torques and τ is a term containing the
applied forces and torques. The vector q contains the generalized coordinates.

Another option is to use an energy model [20] to estimate the inertial parameters, which is a model
for the total energy of the robot, consisting of the potential and kinetic energy. The total energy of
the model is a function of the actuator torques and the joint positions and velocities:

t2∫

t1

(τ − τf )>q̇ dt = Ek(t2) + Ep(t2)− Ek(t1)− Ep(t1), (2.2)

where Ek(t) and Ep(t) are the kinetic and potential energy at time instant t. The advantage of the
energy model over the equations of motion is that the joint accelerations are not required in this
case.

Using one of the above equations (2.1) or (2.2) means that the joint torques need to be measured
for the identification process. This can be done by measuring the motor current and assuming
that the current is proportional to the torque [32]. In most cases a gearbox is present between the
motor and the joint, which means that a measured motor torque should be converted to the joint
torque with a complex transmission and friction model [9]. A robot with series elastic actuation has
an elastic element in the joint drive train. With this is it possible to estimate the joint torque by
measuring the elongation of this elastic element, as has been used to identify parameters of TUlip
[35]. Elastic actuation is now removed from TUlip as this also introduced some problems. Therefore
there are currently no sensors present on the robot to measure the joint torques.

The joint velocities and, in the case that the equations of motion are used, the joint accelerations
are also needed to estimate the dynamic parameters. It can be difficult to accurately measure these
quantities, as in almost all cases only the joint angles are available. The velocity and acceleration
data can be derived from the joint position data by numerical differentiation, for example with the
central difference method [18]. This may also introduce errors as the joint positions are measured
in discrete time. Therefore low pass filtering of the obtained velocities and accelerations might be
needed. This can introduce phase shift.

The equations used for identification can be rewritten to the so called regressor form, as the models
are linear in the inertial parameters [26]:

ζ = Rsϑs, (2.3)

where ζ is a vector of input data, for example containing the joint torques or contact forces. The
regressor matrix Rs contains functions of the measured joint angles and, depending on the used
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model, their derivatives. The vector ϑs contains the unknown parameters. The above system (2.3)
can be solved for ϑs. In most cases the number of columns ofRs is larger than the number of rows.
This means that Rs needs to be computed for a number of data points to be able to find a solution
for the vector of parameters. A unique least squares solution can only be found if the columns of
Rs are linearly independent, which is rarely the case.

The parameters in ϑs might appear in linear combinations in the equations [20]. This means that
the corresponding columns inRs are linearly dependent. This means that no unique solution exists
for ϑs. Therefore, for parameter estimation, the standard parameter set ϑs should be transformed
to a base parameter set ϑb, such that a unique solution for ϑb exists [26]. This set should be as small
as possible to solve (2.3), which is the case if the columns of the regressor matrix Rb are linearly
independent. This means that equation (2.3) must be rewritten to the following base regressor
form:

ζ = Rbϑb. (2.4)

The rank of the regressor matrix is equal to the number of base parameters. The base regressor
matrix Rb has therefore full column rank. The base regressor form is derived by first determining
a set of independent columns of the regressor matrix. The parameters corresponding to dependent
columns in the regressor matrix are then regrouped to the parameters corresponding to indepen-
dent columns. Several different methods are available to find this base regressor form, as discussed
in Section 2.3. The following system is solved to estimate the base parameters. This system contains
the base regressor form for all data points:

y =H(q)ϑb, (2.5)

where y is a vector of input data andH is the output data matrix which are defined as:

y =



ζ1
...
ζm


 , H =



Rb,1

...
Rb,m


 , (2.6)

where Rb,i and ζi are the base regressor matrix and vector ζ for measurement point i. The total
number of measurements is m.

The base parameters ϑb can now be estimated by fitting the model to the experimental data for
example by means of a least squares algorithm or using maximum-likelihood estimation [32]. The
least squares method minimizes the norm ||y − Hϑb||. For accurate parameter estimation the
condition number κ of the matrix H must be as small as possible. The condition number of a
matrix is equal to ratio of the largest and smallest eigenvalue ofH :

κ =

∣∣∣∣
λmax(H)

λmin(H)

∣∣∣∣ . (2.7)

The above condition number is thus a function of the generalized coordinates q and, depending
on the model, their derivatives. The trajectories used for dynamic identification therefore influence
this condition number. Therefore the trajectories can be optimized to lower the condition number
of H [26, 32]. A trajectory which excites all dynamics of a system is called persistently exciting.
Such a trajectory ensures that all base parameters can be estimated. It also ensures that no linear
relations exist between columns of the base regressor matrix, as the choice of trajectory could cause
that some columns are linearly dependent on each other.
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2.2 Humanoid parameter estimation

Parameter identification of humanoid robots has been researched extensively by Ayusawa et al.
[9, 8, 11]. The central idea behind their method is the use of the equations of motion of a floating
base link for dynamic parameter estimation. The equations of motion are a function of the gen-
eralized coordinates. The choice of these generalized coordinates depends on how the humanoid
is modelled. Different choices for the base link of the kinematic chain can be made. All links are
defined with respect to this base link. One can for example assume that one foot is always touching
the ground. The stance foot is then assumed to be fixed to the ground and is as such used as base
link. The generalized coordinates then only consist of the joint angles of the robot. This however
means that the dynamic model changes when the stance foot changes.

Ayusawa et al. derive the equations of motion using a floating base link. In that case the first six
generalized coordinates are the position and orientation of that base link. The torso can for example
be used as the base link. The other generalized coordinates are then the joint angles in the legs and,
if present, in the arms and head. The equations of motion then become:

M(q)

[
q̈0
θ̈

]
+C(q, q̇)

[
q̇0
θ̇

]
+ g(q) =

[
0
τ ,

]
+

ns∑

k=1

λkFk, (2.8)

where q0 are the floating base link generalized coordinates, θ is a vector of joint angles and the total
vector of generalized coordinates is thus equal to q = [q>0 θ

>]>. The number of external forces
Fk is equal to ns and λk is the matrix which maps the external force k to the generalized force
vector. As can be seen from (2.8), the base link dynamics are unactuated. The estimation method
by Ayusawa et al. uses only the six equations of motion corresponding to q0. This means that the
measurements of the joint torques are not needed for the identification. First the contact forces Fk
need to be measured to use this method. Secondly the position and orientation of the base link q0
and its derivatives are needed as are the joint angles θ and its derivatives. As with all parameter
estimation techniques it is only possible to identify the base parameter set. In [10], Ayusawa et
al. prove that the whole set of base parameters of legged systems is identifiable by only using the
equations of the floating base link. This method has been used to identify the base parameter set
of a small size humanoid robot called UT-µ2 Magnum [8]. The joint angles are measured with
sensors in the joints of the robot. The robot is placed on a force plate to measure the 6 components
of the external forces and torques. A motion capture system is used to measure the coordinates and
orientation of the base link, for which it is equipped with optical markers. The motion is captured
with 10 cameras. The identification technique is also used on the full size IRT project humanoid
[9]. This robot is equipped with a gyro sensor in the base link to measure the coordinates of the
base. The joints are equipped with encoders to measure the joint angles. Force sensors are present
in both feet, just before the ankle joint. These measure the 6 components of the contact forces.

Using the above method, it is also possible to estimate parameters when the external forces are
zero. This can be used to identify flying humans and humanoids [11], for example when these jump
up in the air. All generalized coordinates, including the joint angles, are in that case measured with
a motion capture system, using optical markers. This technique is tested by identifying a kinematic
chain consisting of two links and an unactuated revolute joint which is thrown in the air several
times. It is also used to identify the inertial parameters of a human who is jumping into the air.
A disadvantage of the method by Ayusawa et al., which uses the first 6 equations of (2.8), is that
the floating base link coordinates are determined using a motion capture system. This is quite
expensive and complex. The velocity and acceleration of the base link is also needed, which might
be difficult to obtain accurately from motion capture data.
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2.3 Determining the base parameter set

An important step in the estimation of the inertial parameters of robots is determining the base
parameter set (BPS). The base parameters are the only identifiable parameters. Each base parameter
consists of a combination of inertial parameters grouped together. Different methods are available
in literature to determine this BPS. A number of these methods are described in this section.

2.3.1 Symbolic method by Khalil et al.

Khalil et al. have developed a symbolic method to determine the BPS [26] both for series [21] and
some types of robots with closed kinematic chains [12]. Their algorithm consists of simple rules to
obtain the BPS. The algorithm is based on the recursive calculation of the energy of the robot. The
energy model gives expressions for the total energy of each link, which consist of the kinetic and
potential energy. The dynamic model of a robot is derived from the kinetic and potential energy.
The BPS of the dynamic model is therefore the same as for the energy model.

The BPS is derived for a serial robot starting at the end effector. The derived algorithm gives rules to
derive the base parameters for each link, based on the fact if the corresponding joint is prismatic or
revolute and the orientation of that joint axis. The parameters which have no effect on the dynamic
model are eliminated and other parameters are grouped together using grouping relations. Using
this method the energy model or dynamic model is derived in such a way that the model is a
function of the base parameters instead of the standard inertial parameters. However this method
has only been derived for models which are a function of the joint torques, such as the equations of
motions or the energy model.

2.3.2 Symbolic method by Kawasaki et al.

Another method to derive the BPS has been derived by Kawasaki et al. [25]. This algorithm was used
by Van Zutven et al. [35, 36] and implemented in a Matlab function. In addition to determining the
BPS this algorithm also rewrites the used estimation equations to the standard regressor form (2.3).
This algorithm uses the following method to determine the BPS. The elements of the matrix Rs

are split up in a vector f containing fundamental functions of the joint angles and a vector bij with
known parameters and scalar coefficients:

Rs,ij = f
>bij , (2.9)

where Rs,ij is the (i, j) element of the matrix Rs. The fundamental functions f = [f1 · · · fN ]> of
Rs are defined as the scalar functions fi(1 ≤ i ≤ N ) satisfying the following two conditions [25]:

1. Any fi cannot be represented by a linear combination of the other functions fl(1 ≤ l ≤
N ), l 6= i).

2. All elements ofRs can be represented by a linear combination of fi(1 ≤ i ≤ N ).

Where N is the number of functions. To derive the fundamental functions the kinematic con-
straints should be taken into account, for example constraints caused by a closed kinematic chain.
A constraint equation defines a relation between some functions, which means that a function in
f is equal to a certain combination of other functions in f . Kawasaki et al. [25] give two different
methods to derive the fundamental functions while taking the constraints into account, a direct
elimination method and a Grobner bases method.
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For each element ofRs there is a different vector bij . All these vectors are stored in a matrixB:

B =



b11 · · · b1P

...
. . .

...
bN1 · · · bNP


 , (2.10)

where P is the number of unknown parameters. This matrixB can be transformed to the Echelon
form BE by performing a Gauss-Jordan elimination [25]. This results in a upper triangular matrix
with the following form:

BE =

[
BEu

0

]
. (2.11)

The base parameter set can be derived from this by multiplying the original parameter set with this
matrixBEu:

ϑb = BEuϑs. (2.12)

The minimal regressor form (2.4) is derived with this base parameter set. The columns of this
regressor matrixRb are linearly independent.

2.3.3 Numerical method

A numerical method to determine the base parameter set is given by Khalil et al. [26, 19]. The fol-
lowing matrixW is constructed for a number of random joint positions, velocities and accelerations
with the regressor matrixRs (2.3):

W =




Rs(1)
Rs(2)

...
Rs(r)


 , (2.13)

where r is the number of data points. The number of base parameters is now equal to the rank
of the matrix W . The base parameters are those corresponding to the independent columns of
W . The grouping equations to determine the base parameter set can be derived by calculating the
relationship between the dependent and independent columns of W . This can be determined by
the use of the QR decomposition ofW :

Q>W =

[
R
0

]
, (2.14)

where Q is an orthogonal matrix and R is an upper triangular matrix. The dependent parameters
are those whose corresponding diagonal elements of R are zero. The matrix W is then split up in
a matrixW1 with the independent columns ofW and a matrixW2 with the dependent columns of
W :

Wϑs =
[
W1 W2

] [ϑ1

ϑ2

]
. (2.15)

The parameter vectors ϑ1 andϑ2 contain the parameters corresponding toW1 andW2 respectively.
The base parameter vector is then given by:

ϑb = ϑ1 + βϑ2. (2.16)
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The following QR decomposition is used to obtain the grouping relations β:

[
W1 W2

]
=
[
Q1 Q2

] [R1 R2

0 0

]
, (2.17)

The grouping relations are then equal to:

β = R−11 R2. (2.18)

A disadvantage of the above method is that the in this way obtained grouping relations consists of
scalar values. Namely, the grouping relations are derived by means of W , which is derived using
random values in the regressor matrix. The grouping relations derived using the methods from
Sections 2.3.1 and 2.3.2 are a function of the known parameters such as link lengths.

2.4 Humanoid CoM- and ZMP-model

2.4.1 CoM model

The kinematic model of a humanoid is needed to compute its CoM model. The kinematics describe
the position and orientation of a link with respect to the base coordinate frame, for example using
a homogeneous transformation matrix T oi [31]:

T oi =

[
Ao
i poi
0 1

]
. (2.19)

where poi and Ao
i are the position vector and rotation matrix of link i with respect to the base

coordinate frame o. The rotation matrix of link i is a function of all joint angles between the base
and link i. The orientation of link i with respect to the previous link i− 1 is defined by the rotation
matrix Ai−1i , which is equal to the following for a rotation around the link x-axis:

Ai−1
i =



1 0 0
0 cos θi − sin θi
0 sin θi cos θi


 , (2.20)

for a rotation around the link y-axis:

Ai−1
i =




cos θi 0 sin θi
0 1 0

− sin θi 0 cos θi


 , (2.21)

and for a rotation around the link z-axis:

Ai−1
i =



cos θi − sin θi 0
sin θi cos θi 0
0 0 1


 , (2.22)

where θi is the angle of joint i. For a serial robot the rotation matrixAo
i is then equal to:

Ao
i =

i∏

j=1

Aj−1
j . (2.23)
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The position of frame i with respect to the base frame is equal to:

poi =
i−1∑

j=1

Ao
jp

j
j+1 (2.24)

where pii+1 is the position vector of frame i+1 with respect to frame i. For a robot with only revolute
joints, this vector thus only contains constant link lengths.

pi−1i = [lix liy liz]
>, (2.25)

where lix, liy and liz are the link lengths in in x-, y- and z-direction respectively.

The position of the total CoM of the robot is defined by the vector pCoM = [xCoM yCoM zCoM ]>:

pCoM =
1

M

n∑

i=1

mip
o
c,i, (2.26)

where M is the total mass of the robot, mi is the mass of link i = 1, . . . , n, with n is the total
number of links. The position of the center of mass of each link i with respect to the base frame is
given by:

poc,i = p
o
i +A

o
ip

i
c,i, (2.27)

where the position of the center of mass of link i with respect to frame i is:

pic,i = [cix ciy ciz]
>, (2.28)

where cix, ciy and ciz are the position of the link center of mass with respect to the link frame in x-,
y- and z-direction respectively.

2.4.2 Estimation of the CoM position

A method to derive a model to estimate the CoM position is derived by Cotton et al. [14]. They
rewrite the CoM equations to a form, which they call the Statically Equivalent Serial Chain (SESC).
The equations (2.26) then become:

pCoM = po1 +
n∑

i=1

A0
i ri, (2.29)

where ri are the chain’s parameters:

ri =
1

M


mip

i
ci + p

i
i+1

n∑

j=i

mj


 . (2.30)

The CoM model (2.26) is thus rewritten to (2.29) and (2.30) using (2.27) and (2.24). The advan-
tage of this SESC model for the CoM is that the CoM can be expressed as the end-effector of a
serial chain. This is also true if the kinematics of the robot contains different branches, such as a
humanoid with arms and legs.
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The equations for the SESC can easily be rewritten to a regressor form [15] for parameter estimation.
For this we assume for convenience that the vector oo1 is zero and that the base coordinate frame
thus coincides with the link attached frame of the first link in the kinematic chain:

pCoM =
[
Ao

1 · · · Ao
n

]


r1
...
rn


 . (2.31)

There is a major disadvantage of using this definition for the regressor matrix. There only exist a
unique solution for the set of grouped parameters r = [r>1 · · · r>n ]> for a planar 2D model. The
columns of the above regressor matrix are not linearly independent for a 3D model. For a 3D robot
model the rotation matrix of link i is equal to:

Ao
i = A

o
i−1A

i−1
i . (2.32)

The rotation matrix Ai−1
i is either equal to (2.20), (2.21) or (2.22), depending on the rotation axis.

This means that one column of Ao
i is always equal to one column of Ao

i−1. The regression matrix
of (2.30) is therefore never full rank for a 3D model and a least squares solution for the parameter
set thus does not exist. For a 2D model this is not the case as the rotation matrices are then 2 × 2,
where all elements are trigonometric functions. The joint axis for a planar 2D model is always per-
pendicular to the modelled plane. Therefore Cotton et al. use two 2D planar models perpendicular
to each other to estimate the CoM in 3 directions. Thereby neglecting coupling between these two
planes.

2.4.3 ZMP model

All ground contact forces of the robot in motion can be reduced to a single resultant force Fp, if
these forces all have the same sign. This is the case for a humanoid robot because the feet are not
fixed to the ground, [16]. If the point where this force is acting lies in the support polygon its is
defined as the Zero Moment Point (ZMP). If this resulting force lies on the edge of the support
polygon then the robot could tip over around this edge. Vukobratović et al. [40] give the following
interpretation of the ZMP: ZMP is defined as that point on the ground at which the net moment of
the inertial forces and the gravity forces has no component along the horizontal axes.

The position of the ZMP can be derived using the time derivatives of the linear and angular mo-
mentums of the robot, which are a force and a moment. The derivative of the linear momentum
Ṗ = [Ṗx Ṗy Ṗz]

> is equal to:

Ṗ =
n∑

i=1

mip̈
o
ci, (2.33)

where öoci is the acceleration of the center of mass of link i with respect to the base frame. The time
derivative of the angular momentum L̇ = [L̇x L̇y L̇z]

> is given by:

L̇ =
n∑

i=1

(ṗoci × (mip̈
o
ci) + I iω̇i + ωi × (I iωi)) , (2.34)

The angular velocity and acceleration of link i are given by ωi and ω̇i. The angular velocity of each
link, and therefore also the angular acceleration, can be derived using the kinematic model of the
robot, [31]. For the inertia tensor of the ith link, I i, the following equation holds:

I i = Ao
i IiA

o>
i , (2.35)
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whereAo
i is the rotation matrix (2.23) and Ii is the symmetric inertia matrix of the i-th link.

Ii =



Ii,xx Ii,xy Ii,xz
Ii,xy Ii,yy Ii,yz
Ii,xz Ii,yz Ii,zz


 . (2.36)

The inertia matrix Ii reduces to a diagonal matrix, if we assume that the mass distribution of each
link is symmetric with respect to a coordinate frame located at the center of mass. This frame must
then be parallel to the body attached frame.

The equations for the Zero Moment point are then equal to the following [16]. The x-position of the
ZMP is equal to:

xzmp =
MgxCoM + zzmpṖx − L̇y

Mg + Ṗz
, (2.37)

which is the total moment around the y-axis of the base frame divided by the total force in z-
direction. The z-position of the ZMP zzmp is zero when the xy-plane is placed on the ground.
Likewise is the ZMP y-position equal to:

yzmp =
MgyCoM + zzmpṖy + L̇x

Mg + Ṗz
, (2.38)

which is the moment around the x-axis of the base frame divided by the total force in z-direction.
The gravity constant is denoted by g. Several control strategies based on this ZMP model are pro-
posed in literature. However, estimation of this ZMP model has not been found in literature.

2.5 Conclusions

To estimate parameters of a dynamic robot model some kind of torque or force data are needed.
Classic robot identification techniques are based on joint torque measurements. Most humanoid
robots, including TUlip, are equipped with ground contact force sensors to measure the CoP. There-
fore it is easier to use these sensors to estimate the parameters of a humanoid model, as is done
by Ayusawa et al. [9, 8]. Static identification is first considered in the next chapter. This estimates
the parameters of the CoM model, as the static CoP is equal to the projection of the CoM on the
floor. With the existing CoM estimation technique by Cotton et al. [14, 15] only a unique solution
for the estimated parameter set exists for a 2D model. However, if the BPS is determined for the
CoM equations then a unique solution for these base parameters exists. To determine this BPS
one of the methods to determine the BPS for classic robot identification can be used. This means
that a unique estimate for the BPS can be found, even for a 3D model, using CoP and joint angle
measurements.

The static estimation method is extended to also estimate the dynamic parameters in Chapter 5.
This method is based on the ZMP model. For this model the BPS is also determined. This method
is based on measurements of the contact forces and the joint angles, velocities and accelerations.
The same data is used by the method derived in [9, 8] except that they also depend on measure-
ments of the floating base coordinates and their derivatives. To estimate the ZMP model this is not
necessary, as no floating base is used. The ZMP model is derived with the assumption that one of
the feet is always touching the ground. This feet is assumed to be fixed to the ground. Therefore
no measurements of a floating base, which are difficult to obtain, are needed. However, this means
that during the estimation measurements one foot must always touch the ground with all its contact
points.
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Chapter 3

Static parameter estimation using the
CoM model

In this chapter a method is derived to estimate the parameters of the center of mass (CoM) model
of a humanoid robot using center of pressure (CoP) measurements. The projection of the CoM
on the ground only coincides with the CoP if the robot is standing still. Therefore a number of
static postures are measured to estimate the CoM parameters. The choice to first only estimate
the static CoM model is made because of the following reasons. First of all, most model based
humanoid controllers control the CoM as an approximation for the CoP position. TUlip’s motion
controller software also uses the CoM position to determine trajectories. Secondly, it is not possible
to measure the joint torques of TUlip, as no torque sensors are present.

As a humanoid robot has ground contact force sensors the choice is made to use these sensors for
parameter estimation by using models for the CoP. Using these sensors is probably more accurate
than for example using the motor currents to obtain an approximation for the motor torques and
then using the equations of motion to estimate parameters. Furthermore, the CoM model is only
a function of the joint positions. The joint velocities and accelerations are therefore not needed to
estimate the CoM parameters. This is an advantage as the velocities and accelerations can only be
derived from the measured joint angles. Deriving those from the discrete time joint angle data can
cause inaccuracies.

For now the static case is considered, parameter estimation when the robot is in motion is con-
sidered in Chapter 5. In this chapter the CoM parameter estimation technique is derived. First in
Section 3.1 the kinematic model of TUlip is given and with this the equations describing the CoM
of the robot are derived. The eventually obtained estimates of parameter combinations are only
useful when using the CoM model as this model is used for parameter estimation. The present
motion control software on TUlip (TUlipMC) uses these equations in the inverse kinematics al-
gorithm to determine stable trajectories. The motion controller also uses a feed forward term to
compensate gravity forces which are also derived using the CoM model. The use of the CoM model
in the current TUlip controller is explained in Section 3.2. However, inverse kinematics and feed
forward control are not the only possibilities to use the CoM model. Walking strategies based on
a linear inverted pendulum model, capture points or the foot placement estimator all also use the
CoM model.

To use the CoM equations for parameter identification first the base parameter set (BPS) needs to be
determined. The BPS is the set of parameter combinations which can be determined independently,
as explained in the previous chapter. When the BPS is known the equations for the CoM can be
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rewritten to the base regressor form. The BPS and corresponding regressor are determined in
Section 3.3. The resulting CoM estimation method for TUlip is described in Section 3.4. The
desired measurement postures are derived in Section 3.5. First a number of random postures is
determined which are feasible on the robot. It is important that the output data matrix (2.6), which
is used to estimate the base parameters, is well conditioned, as explained in the previous chapter.
Therefore the derived postures are optimized to lower its condition number. With these optimized
measurement postures the highest possible accuracy in the estimated parameters is obtained.

3.1 Kinematic model of TUlip

The kinematic model gives the position and orientation of each link coordinate frame as a function
of the joint angles and link lengths. The position of each link coordinate frame and the link lengths
are shown in Figure 3.1. The position and orientation of the links of the robot are defined with
respect to the base coordinate frame. For classic robot systems such as robotic arms the link fixed
to the world is chosen as base link, with a base coordinate system. However, for a humanoid robot
none of the links are fixed to the world. Therefore the choice of base frame depends on which foot
is the stand foot and which foot is moving (the swing foot). The stance foot is assumed to be fixed
to the ground. The base coordinate frame is thus located either below the left or the right ankle,
depending on the phase of the motion. This also means that there are two different kinematic
models, one for the right foot as stance foot and one for the left foot as stance foot. The kinematics
of TUlip are always defined from a base coordinate frame located on the ground below the ankle
of the stand foot. This coordinate frame is chosen such that the forward direction is defined as the
x-direction, the sideways direction is the y-direction and the direction perpendicular to the ground
is the z-direction, as can be seen in Figure 3.1 which shows the TUlip model.

The humanoid robot TUlip has 12 degrees of freedom, each leg contains 6 rotational joints. The hip
can rotate around all three axes. The knee joint can move around the y-axis. The two joints in the
ankle can move around the x- and y-axes. The robot has 13 links, 6 for each leg and the torso. The
arms, neck and head are neglected as those masses are small. Each link i has its own coordinate
frame located at the ith joint such that one of the coordinate axes coincides with the joint axis, as
shown in Figure 3.1. The position and orientation of a link with respect to the base coordinate frame
is fully described by a homogeneous transformation matrix (2.19). TUlip can be seen as a serial
kinematic chain with the stand foot as base and the swing foot as end-effector. For this type of
robots the transformation matrices can easily be derived [31]. A kinematic model for TUlip is for
example given in [34].

The equations for the position of the total CoM of the robot are used for the parameter estimation.
The vector pCoM = [xCoM yCoM zCoM ]>, which is equal to the sum of all link center of mass
positions divided by the total mass of the robot, is derived using (2.26). The pCoM equations are a
function of the static parameters mi, cix, ciy and ciz for all links i = 1 · · ·n, as shown in Figure 3.2,
as well as the link lengths, which are shown in Figure 3.1. In Figure 3.2 can also be seen that the ciz
parameters are for TUlip defined positive from the link coordinate frame to its center of mass. This
means that the ciz parameters of the leg links are positive along the negative link z-axis, and for the
torso it is positive along the positive torso z-axis.
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Figure 3.1: TUlip kinematic model, link coordinate frames and link lenghts (Adapted from [34],
previous versions: [16, 35])
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Figure 3.2: TUlip CoM model and center of mass parameters (Adapted from [34], previous
versions: [16, 35])
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3.2 Use of CoM equations in TUlip controller

The equations for the CoM are used in the TUlipMC motion controller software in two different
places. First it is used in the inverse kinematics algorithm to compute joint angles from Cartesian
space desired trajectories. Secondly they are used to compute the gravity compensation torques,
which are used as a feed forward term in the controller.

3.2.1 Inverse Kinematics

The inverse kinematics algorithm is used to compute the joint angles for a specified position and
orientation of certain points of the robot. For TUlip these points are defined as the position of the
CoM of the robot and the swing foot, and the orientation of the torso and the swing foot. The stance
foot is seen as the base of the kinematic chain and the CoM and swing foot as end effectors, of
which the desired position and orientation are specified. The position (ps) and orientation (φs) of
the swing foot are given by:

ps =



xs
ys
zs


 , φs =



ϕs
θs
ψs


 , (3.1)

Likewise the position of the center of mass of the robot (pCoM ) and the orientation of the torso (φT )
are defined as:

pCoM =



xCoM
yCoM
zCoM


 , φT =



ϕT
θT
ψT


 , (3.2)

where xj , yj , zj are the distances of point j with respect to the base frame and ϕj , θj , ψj are the
orientations of point j with respect to the base frame orientation in roll, pitch and yaw.

The configuration of the robot is thus fully described by either xe =
[
p>CoM φ>T p

>
s φ

>
s

]>
, or by

all joint angles q = [θ1 · · · θ12]>. The vector xe gives 12 degrees of freedom to describe the con-
figuration of the robot, which is enough to compute a solution for the inverse kinematics as TUlip
has 12 joints. To compute the desired joint angles from the desired xe an inverse kinematics al-
gorithm based on differential kinematics is used [38, 34]. For the elements of xe, the position and
orientation of the swing foot and the orientation of the torso only depend on the lengths of the links
which are already known. The position of the CoM depends on the masses of the different links and
their positions. The equations for the position of the CoM of the robot are used for the parameter
estimation. The differential kinematics give the relationship between the end effector velocities and
the joint velocities. In this inverse kinematics algorithm the derivative of the CoM-position with
respect to the joint angles is used. This derivative however is a function of the same parameter
combinations as the original CoM equations. The estimated base parameters of the CoM model are
therefore the same as the parameter combinations in the derivatives of the CoM position.

3.2.2 Gravity compensation

The joint torques needed to compensate gravity forces are computed with the potential energy Ep,
which is:

Ep =MgzCoM , (3.3)
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where g is the gravity constant. The gravity compensation torque of the ith joint is then equal to:

τi =
∂Ep
∂qi

, (3.4)

where qi is the ith joint angle. This means that these joint torques are a function of zCoM , and
thus also a function of the parameters of the CoM equations, which are unknown and need to be
estimated.

3.3 Derivation of the base parameter set of the CoM model

To use (2.26) for parameter estimation these equations first need to be rewritten to a so called
regressor form. This is only possible if these equations are linear in the parameters, which is
the case. The regressor form consists of a regressor matrix times a parameter vector. The vector
contains all the unknown parameters which need to be estimated. The regressor matrix contains all
known parameters and the functions of the generalized coordinates q. The generalized coordinates
are in this case only the joint angles θ, but for a dynamic model these also include the joint velocities
and accelerations. The regressor form of the pCoM equations is equal to:

pCoM = Rs(q)ϑs, (3.5)

whereRs(q) is a matrix with functions of the joint angles and link lengths. The standard parameter
set is equal to ϑs = [ϑ>s,1 · · ·ϑ>s,n]>, where n is the total number of links. This vector of the standard
parameters consists for each link i of:

ϑs,i =




mi

cixmi

ciymi

cizmi


 , (3.6)

where cix, ciy and ciz are the positions of the center of mass of link i with respect to the coordinate
frame which is fixed to that link. TUlip has 6 links in each leg, which means that the total number
of links of the legs and torso is 13. The movement of the arms and head is neglected because of the
small masses involved. This means that there are 52 standard parameters.

These standard parameters are however not equal to the base parameters because the columns of
matrix Rs are not linearly independent. The parameters are estimated by computing the regressor
matrix for a number of measurement points. These matrices for each measurement are stacked on
top of each other (2.6), constructing a system of equations such as (2.5). A unique least squares
solution for this linear set of equations only exists if the columns of the regressor matrix are linearly
independent, which is not the case for Rs. A unique solution for the parameter vector does there-
fore not exist. For parameter estimation, the parameter set ϑs should therefore be transformed
to a base parameter set ϑb, as is explained in the previous chapter. This set should be as small
as possible to solve (3.5), which is the case if the columns of the regressor matrix Rs are linearly
independent. This means that equation (3.5) must be rewritten to the following base regressor
form:

pCoM = Rb(q)ϑb. (3.7)

The BPS is the minimal set of parameters which describe system (3.5) completely. This means that
all columns of the regressor matrix Rb corresponding to the base parameter vector ϑb are linearly
independent and thus that all the base parameters can be identified independently.
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Rewriting the CoM equations (2.26) to the standard regressor form (3.5) and then to the base
regressor form (3.7) can be quite time consuming, especially when the equations are very large, as
is the case for a humanoid robot with 12 joints. There is however an automatic algorithm available
to accomplish this task. This algorithm is developed previously in our group [35, 36]. It is able to
first rewrite a set of equations (in this case the CoM model (2.26)) to the regressor form (3.5) and
then to compute the base parameter set (3.7) from (3.5). It is already implemented in a Matlab
function. The BPS is derived using the method as described in Section 2.3.2. This algorithm is
based on [25]. To use this method, regressor matrix Rs is first slit up in a vector f with functions
which are all independent of each other and a vector with constant coefficients bij . This vector also
contains the known parameters, which are the link lengths:

Rs,ij = f
>bij , (3.8)

where Rs,ij is the (i, j) element of the matrixRs.

Rewriting (2.26) to (3.5) and then to (3.8) means that the equations are first split up in unknown
parameters (ϑs), functions (f ) and known parameters and scalar coefficients (bij). This is done
by using the available Matlab implementation. This algorithm first removes all parentheses from
the equations and then converts the equations to text based strings. Within these strings it is easy
to search for +, − and ∗ operators. Each part between these operators is either a function of the
joint angles, an unknown parameter, a known parameter or a scalar. The BPS is then derived by
collecting all vectors bij , each corresponding to an element ofRs, in a matrixB (2.10). This matrix
B is then transformed to the Echelon form BE by performing a Gauss-Jordan elimination. This
results in a upper triangular matrix (2.11). The BPS is derived from this by multiplying the original
parameter set with this matrix BEu (2.12). The regressor matrix corresponding to this BPS is
derived using the diagonal elements of the matrix BEu. These diagonal elements are either one or
zero. The i-th column ofRs is independent of the others if the i-th diagonal element of that matrix
is one. The column is dependent on others if that diagonal element is zero. In that case the i-th
column can be removed from the regressor matrix. The number of non-zero diagonal elements of
BEu is thus equal to the number of base parameters. The column of Rs corresponding to the first
non-zero diagonal element of BEu corresponds to the first base parameter. The second non-zero
diagonal element defines the column of Rs corresponding to the second base parameter, etc. In
this way the matrixRb is constructed.

There are different solutions for the BPS. This depends on which parameters are chosen as a base
for the BPS. A number of parameters which corresponds to independent columns of the regressor
matrix is chosen as a base for the BPS. All other parameters then correspond to columns in the
regressor matrix which are dependent and are therefore regrouped to the independent parameters.
However the number of base parameters is always the same as this is equal to the rank of the
regressor matrix. An example of the BPS derivation is given in Appendix A. That example also
explains the different possibilities for the BPS.

The BPS is derived for the CoM model of TUlip. This results in a set of 27 base parameters. To
derive these, all three CoM equations are used. This also gives the base parameters for the CoM
height which is used in the gravity compensation controller. The BPS is derived such that the
regressor matrix contains no link lengths, only trigonometric functions. All link lengths appear in
the BPS ϑb. This means that all elements of the regressor matrix are always in the interval [−1, 1]
for all possible joint angles. This lowers the condition number of the data matrix (2.6), which
improves the accuracy of the estimated parameters. For an example of how this choice influences
the conditioning of the regressor matrix, see Appendix A. The BPS for the CoM model with the
right foot as base is given in Appendix B.1. The BPS for the CoM model with the left foot as base is
also derived and given in Appendix B.2.
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3.4 Estimation of the base parameters of the CoM model

The BPS is derived using all three CoM equations. However on the robot only the CoP is mea-
surable, which is equal to the CoM in x- and y-direction. This means that some base parameters
are not identifiable using CoP measurements. Of the 27 base parameters, the regressor matrix
columns corresponding to three base parameters are not a function of joint angles. These base
parameters correspond to the stance foot, as the stance foot is chosen as the base for the kinematic
chain. For the right stance foot CoM model, the base coordinate frame thus coincides with the right
foot coordinate frame. These base parameters are (see Appendix B.2 for the complete list of base
parameters):

• ϑb,5 = (c5xm5 + c6xm6)/M

• ϑb,13 = c6ym6/M

• ϑb,27 = (c6zm6 − l6zM)/M

The columns of the regressor matrix corresponding to these base parameters are respectively [1 0 0]>,
[0 1 0]> and [0 0 1]>, and thus not a function of the joint angles. From this it follows that ϑ27 only
appears in the zCoM equations, which is not measurable and this base parameter is therefore non-
identifiable from CoP measurements. The parameters ϑb,5 and ϑb,13 are identifiable as all other
base parameters are a function of the joint angles. The base parameters ϑb,5 and ϑb,13 thus appear
as a constant term in the equations.

The used method to derive the BPS is based on determining the fundamental functions f . These
fundamental functions are assumed to be independent of each other. This may however not be the
case as constraints of the system could impose that some functions in f are always the same. An
example of such a constraint is that both feet are on the ground for all measured postures. The
robot is for stability reasons standing on both feet for all measured postures. The posture selection
is explained in detail in the next section. This means that the roll and pitch angles of both feet are
always the same. Some functions then become dependent on each other. This leads to a smaller
base parameter set as some parameters which could be estimated independently without constraints
become grouped together. Their corresponding regressor columns (containing the fundamental
functions) always have the same values for all possible combinations of joint angles within the
constraints.

For the right stance foot model, the left foot mass position in z-direction (c12z) is always perpendic-
ular to the xy-plane, as the left foot is also on the ground. This means that the regressor column
corresponding to the base parameter ϑb,26 = c12zm12/M is always equal to the column correspond-
ing to base parameter ϑb,27 = (c6zm6 − l6zM)/M . This is because both feet z- axis are always
parallel if both feet are on the ground. The base parameter ϑb,27 is non-identifiable from the CoP
measurements, as is therefore also the case for ϑb,26, when both feet are on the ground. The num-
ber of identifiable base parameters from the CoP data is thus 25. The influence of the both feet
on the ground constraint on the BPS is determined by computing the data matrix H (2.6) for a
number of postures which fulfill this constraint. From this it follows that the rank of that matrix
is 25, and that ϑb,26 becomes also non-identifiable. The derivation of these postures is described in
the next section.

One CoP measurement gives two equations (xCoM and yCoM ). There are 25 base parameters which
can be derived from these equations, which means that a minimum of 13 measurements are needed
to solve the system of equations for ϑb. For this the regressor is computed for all m measurements
and stored in an output data matrixH .
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The corresponding CoP measurements are stored in a vector y:

y =



ζ1
...
ζm


 , H(q) =



Rb(q1)

...
Rb(qm)


 , (3.9)

wherem is the total number of measured postures, ζi = [xCoM,i yCoM,i]
> and qi are the joint angles

for measurement i. The following system can then be solved to estimate the base parameters:

y =H(q)ϑb. (3.10)

This system contains the base regressor form for all data points. An exact solution for (3.10) exists
if the vector y is a linear combination of the columns of H . If that is true, than rank(H) =
rank([H y]), however this is never the case because of measurement errors and inaccuracies.
Therefore only an estimate ϑ̂b for the BPS can be found. The system of equations (3.10) can be
solved in different ways, for example by using the least squares method.

This method minimizes ||H(q)ϑ̂b − y||2. A correct choice for the BPS ϑb ensures that the matrix
H(q) is full rank which means that there is only one solution which minimizes ||H(q)ϑ̂b − y||2.
The least squares estimate of the BPS is equal to:

ϑ̂b = (H>H)−1H>y. (3.11)

The accuracy of the estimates for the BPS therefore depends on how well the matrix H is con-
ditioned. For accurate parameter estimation the condition number κ of H must be as small as
possible. The condition number of a matrix is equal to ratio of the largest and smallest eigenvalue
ofH :

κ =

∣∣∣∣
λmax(H)

λmin(H)

∣∣∣∣ . (3.12)

The conditioning of H thus depends on the chosen measurement postures, which define the joint
angles qi for each measurement.

3.5 Measurement postures

To estimate the parameters of the CoM equations of TUlip the CoP for a number of robot configu-
rations needs to be measured. All measured postures are static, because the CoM model takes no
dynamic forces into account. All these robot postures need to satisfy the following five constraints:
all joint angles should be within their mechanical limits, the humanoid should be stable and stand
on both legs, the feet may not hit each other and the feet position should remain constant for each
five consecutive postures. These constraints are now discussed in detail.

Joint angles within limits

First of all the designed postures should be possible on TUlip. This means that all joints θ =
[θ1 · · · θ12]> should be within their mechanical limits. These limits are given in Table 3.1. These are
an upper and lower limit for each individual joint and a limit for the combined hip z-axes. Both legs
cannot rotate in z-direction to their full limit because the motors for the hip x-axis are mounted to
the back of the leg. If the left z-axis (θ7) would move to its positive limit and the right z-axis (θ1) to
its negative limit these motors would hit each other. Therefore the combined joint angle θ7 − θ1 is
limited to 60 degrees.
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Table 3.1: Joint limits
Joint Symbol Lower Upper

limit [deg] limit [deg]
Hip z-axis R θ1 -45 45
Hip x-axis R θ2 -30 22
Hip y-axis R θ3 -65 29
Knee y-axis R θ4 0 125
Foot y-axis R θ5 -38 38
Foot x-axis R θ6 -20 17
Hip z-axis L θ7 -45 45
Hip x-axis L θ8 -22 30
Hip y-axis L θ9 -65 29
Knee y-axis L θ10 0 125
Foot y-axis L θ11 -38 38
Foot x-axis L θ12 -17 20
Hip z-axis L & R θ7 − θ1 60

l6t

l6h

l6a l6o

xo
yo

l12t

l12h

l12o l12a

(a) Dimensions

ds

ds

Support polygon

df

(b) Support polygon and stability margin

Figure 3.3: Feet of robot model

Robot should be stable

Secondly, the robot should stand stable. The stability of the robot can be checked using the model
for the CoM (2.26) to compute the CoP of the robot. The humanoid is stable if the CoP lies within
the support polygon of the robot. The support polygon is the area formed by the convex hull of the
floor contact points of the robot. This area is shown in Figure 3.3(b) by a solid line. To compute the
support polygon the position and rotation of the coordinate frames of the feet (which are frames 6
and 12) should be known, which can be computed using the homogeneous transformation matrices
of these coordinate frames (2.19). This in combination with the dimensions of the feet, which
are shown in Figure 3.3(a) is used to derive the area of the support polygon. The feet dimension
parameters are given in Appendix D.

However, to compute the stability of the robot the parameters for the robot should be known, which
is exactly the purpose of these experiments. Therefore these parameters are guessed and then used
to determine the measurement postures. These parameter values can also be found in Appendix
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D. These parameters are based on earlier identification experiments [35] and CAD data of the parts
of the robot. These earlier identification experiments were done when TUlip had series elastic
actuators which made it possible to measure the joint torques. However, some parts of the robot
were redesigned, especially the hip joints and links [28]. Therefore there probably is some deviation
between these parameters and the real parameters of the robot. The used parameters are the same
as used in the TUlip simulator model [7].

The measurement postures of the robot are because of this designed with some margin between
the position of the predicted CoP and the edge of the support polygon. Another reason for this is
that there is always some difference between the realized and designed robot posture because of
errors in the joint PD controllers. The joint controllers are not able to follow the reference joint
angles exactly. Figure 3.3(b) shows the support polygon and stability margin ds. The CoP should
therefore stay within the dashed area.

Standing on both feet

Only postures where the robot is standing on both legs are measured for the parameter identi-
fication. It is difficult to design postures standing on one foot which are stable because of the
uncertainty in the parameters. This means that manual tuning would be needed to let the robot
stand on one leg.

The feet should not hit each other

The feet should not hit each other, which means that the two foot polygons, formed by the four
corner points of each foot, should not intersect each other.

Constant feet positions for each five configurations

If during the experiments the orientation of the feet changes, the robot needs to be lifted back on
its stand. This is because the robot is not able to move a foot to another position without falling,
especially when the feet are far apart. Therefore the choice was made to keep the feet orientation the
same for each series of 5 measurement postures. This increases the amount of measurements that
can be done in a certain amount of experiment time. This means that the robot only has to be placed
back on its stand between each 5 measurements instead of between each single measurement.

3.5.1 Initial measurement points

The most optimal measurement points are those for which the condition number (3.12) is mini-
mal. First a number of random robot configurations is determined which are optimized to lower
the condition number. These configurations should fulfill all constraints as given in the previous
section. Each robot configuration can be defined in two ways, in the joint space (q) whereby every
joint angle is specified and in the task space (xe) where the position and orientation of the end
effectors are specified, see Section 3.2.1. The right foot is chosen as base link to define a posture in
task space. Both methods give 12 degrees of freedom for each posture, if no constraints are present.
However, three values of xe are zero for each measurement as the robot is standing with both feet
on the ground. The z-position (zs) and orientation angles in roll (ϕs) and pitch (θs) for the left foot
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are zero because the swing foot should also be on the ground. This means that every measurement
configuration can be defined with only 9 variables, if xe is used.

Defining the postures in joint space is not suitable for use with an optimization algorithm. Most
algorithms vary one degree of freedom at each iteration. However with the given constraints the
postures are over-determined if they are defined using the 12 joint angles. This means that if only
one joint angle is varied while the other remain the same the constraint that both feet should be on
the ground is immediately violated. A joint angle can therefore not vary independently of the others.
Postures defined in joint space are therefore not suited for use with an optimization algorithm.

The postures are therefore defined in task space coordinates, which also reduces the degrees of
freedom of the optimization problem. The remaining degrees of freedom in xe are three degrees of
freedom for pCoM , three degrees of freedom for the torso orientation ϕs and the remaining three
degrees of freedom of the swing foot. The inverse kinematics algorithm is then used to compute
the corresponding joint angles. The random robot configurations are derived using the following
steps:

1. Choose a random position and orientation of the left foot within the possible range:

• xs between -0.75 [m] and +0.75 [m], where 0.75 [m] is the maximal possible distance
between the feet within the joint limits.

• ys between -0.1 [m] and +0.5 [m], which is the maximal possible range of the swing foot.

• ψs between -90 and 90 degrees, where 90 degrees is the maximum possible yaw angle
between both feet, because both hip yaw joints have a limit of 45 degrees.

2. Check if the polygons which define the circumference of the feet do not intersect. If not,
continue, otherwise go to step 1.

3. Choose a random CoM position and torso orientation in the following ranges:

• xCoM and yCoM randomly within an area with its edge a distance ds from the support
polygon. This area is shown in Figure 3.3(b). The distance ds is a stability margin chosen
as 0.08 [m].

• zCoM between 0.55 [m] and 0.75 [m], which is the maximum possible range for the CoM
height, using parameters for the link centers of mass as given in Appendix D and using
the joint limits of Table 3.1.

• The torso orientations in roll, pitch and yaw: ϕT , θT and ψT between -30 and +30 de-
grees.

4. Try to solve the inverse kinematics, to check if a solution can be found for the configuration.
If so, check if it stays within all joint limits as specified in Table 3.1. If the configuration is not
possible, redo step 1 if no possible CoM position and torso orientation were found earlier for
this foot placement or redo step 3 otherwise.

5. The configuration is stored if it is possible. If less than five different configurations for this
foot placement are found, restart at step 3, otherwise restart at step 1 to find another foot
placement, or stop if enough random robot configurations are obtained.

The above algorithm is used to find 50 random robot configurations, 10 different foot placement
with for each 5 different combinations of CoM position and torso orientation. These are used as
initial guesses for the optimization algorithm.
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3.5.2 Optimization algorithm

The optimal measurement points correspond to a minimum of the condition number of the output
data matrix H (3.12), which contains the regressor matrix for each measurement point. Therefore
the measurement configurations are optimized using an optimization algorithm. The design vari-
ables or degrees of freedom for this optimization problem are denoted with the vectorχ. This vector
consists of the CoM position pCoM and torso orientation φT for every measurement configuration.
For every different foot placement, χ contains the position on the floor (xs and ys) and yaw angle
(ψs) of the left foot with respect to the right foot:

χ =
[
p>CoM,1 · · ·p>CoM,η φ

>
T,1 · · ·φ>T,η xs,1 · · ·xs,µ ys,1 · · · ys,µ ϕs,1 · · ·ϕs,µ

]>
. (3.13)

The total number of postures is η and the total number of different foot positions is µ. The inverse
kinematics algorithm uses 12 input variables to define a robot configuration, as can be seen from
(3.2) and (3.1). However, due to the constraints three of these are zero and therefore omitted from
χ.

Each measurement point should satisfy the five constraints as given before. Two of these con-
straints, both feet on the ground and the same foot position for five postures, are taken into account
by reducing the degrees of freedom of the optimization problem. The other constraints are con-
straints of the optimization problem, which is defined as follows:

arg min
χ

κ (H (χ)) ,

subject to θi ≥ θl, i = 1, . . . , η,

θi ≤ θh, i = 1, . . . , η,

θi,7 − θi,1 ≤ 60, i = 1, . . . , η,

de,i ≥ ds, i = 1, . . . , µ,

df,i ≥ 0, i = 1, . . . , µ,

(3.14)

where κ is the condition number of the matrixH , θi are the joint angles corresponding to configu-
ration i and θl and θh are the lower and upper joint angle limits. The distance from the CoP to the
edge of the support polygon is given by de,i, which is negative if the CoP lies outside the support
polygon. This value should be larger than the stability margin ds as shown in Figure 3.3(b). The
distance between the polygons which are the circumference of the feet (df,i) should be positive such
that the feet do not intersect each other.

This optimization problem can be solved using an algorithm from the Matlab Optimization Toolbox.
For each iteration of such algorithm the condition number of H is computed, which contains the
solution of the regressor matrixRb for each robot configuration. The regressor matrix is a function
of the joint angles. The η sets of joint angles are a function of χ and are computed using the inverse
kinematics algorithm.

3.5.3 Optimization results

The condition number of H is optimized for 50 measurement postures, which means that η = 50
and µ = 10. The optimization problem has 330 degrees of freedom for these choices. For the
stability constraint, a margin of ds = 8 [cm] is chosen such that there is a minimal distance of 8
[cm] between the edge of the support polygon and the CoP of the robot. The condition number of
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Table 3.2: Optimization results
Condition number

run Initial Optimized
1 647.4 337.5
2 732.1 405.1
3 925.8 352.6
4 714.1 314.7
5 733.6 406.9
6 689.1 394.4

the matrix is minimized using the interior point algorithm of the Matlab Optimization Toolbox [33].
A minimum of the function for κ found by this algorithm could be a local minimum instead of a
global minimum. The optimization is therefore repeated for six different sets of initial measure-
ment points. The initial values for χ are found using the algorithm as described in Section 3.5.1,
which is implemented in Matlab.

Table 3.2 shows for each optimization run the condition number of the initial set of robot config-
urations and the optimized value. The found minima vary depending on the initial conditions, as
can be seen from Table 3.2. The lowest condition number is obtained for optimized set of postures
4, which is therefore used for the parameter estimation measurements, both in simulations and
experiments. However it is possible that for other initial values an even lower condition number
can be found for a set of 50 measurement points. Several hours of computation time are needed to
obtain a set of initial values and to optimize it due to the complexity of the optimization problem.
First of all due to the high number of degrees of freedom of the non-linear optimization problem
(330). Secondly the inverse kinematics algorithm is run for each iteration to find an initial posture
and after that for every iteration of the optimization algorithm, which is very time consuming. No
more than six sets of initial values were optimized due to this computational complexity.

3.6 Conclusions

The CoM equations are rewritten to a regressor form which is suitable for estimation and the cor-
responding base parameters are determined. All columns of the base regressor matrix are linearly
independent, which means that the base parameters can be estimated independently from mea-
surement data. It is shown that 25 of the 27 CoM base parameters can be estimated from CoP
measurements of the designed posture.

The two base parameters which are non-identifiable from CoP data are ϑb,26 = c12zm12/M and
ϑb,27 = (c6zm6 − l6zM)/M . The non-identifiability of these base parameters is due to the choice,
for stability reasons, that the robot is standing on both feet during the CoP measurements. Of these
parameters, the total mass M and the link lengths l6z = l12z = 0.04 [m] are known. However, for
the feet masses (m6 and m12) and feet mass positions in z-direction (c6z and c12z) guessed values
should be used due to the non-identifiability of these base parameters. These mass positions are
in the range [0, 0.04] [m] as the link lengths l6z and l12z are small. The error between between the
real and guessed position of these masses is therefore maximally a few centimeters. These errors
will therefore only have a small influence on the predicted CoM, also because the feet masses are
expected to be around 1 [kg], compared to a total mass of 23 [kg]. Therefore the non-identifiability
of these two base parameters is not a problem.
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The CoM model has many different possible uses. In the existing TUlip software the CoM model is
for example used to design stable gaits and in the joint controllers to compute the gravity compen-
sation feed forward. Using the estimated parameters, the CoM of the robot will follow the desired
trajectory of the CoM more accurately, which increases the balance of the robot. The accuracy of
the gravity compensation will also increase which means that robot will follow the desired joint
trajectories better.

A number of measurement postures are designed to estimate the static parameters. First a number
of random postures are determined which full fill all constraints. These postures are optimized
to lower the condition number of the data matrix used to estimate the parameters. This ensures
that that matrix is as well-conditioned as possible within the given constraints. This improves the
accuracy of the estimate base parameters.
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Chapter 4

Static estimation results

In this chapter the parameter estimation method using the center of mass (CoM) equations is
first tested using simulation data and thereafter with experimental data. For this the designed
measurement postures are first programmed in the TUlip motion control sofware (TUlipMC). This
software, which is used on the robot, is also coupled to the simulator. This means that motions
only have to be programmed in the software once for both simulations and experiments. The
implementation of the static parameter estimation experiments in this software is discussed in
Section 4.1. For the simulations an existing TUlip simulator model is used. First in Section 4.2
the simulator model is explained and an example for a simulation of a sequence of five postures is
given. The parameter estimation method is tested using the simulation data for the optimized set
of postures. These results are given in Section 4.3.

The estimation method is also used with measurements on our humanoid robot TUlip. The center
of pressure (CoP) together with the joint angles are measured for a number of robot postures. This
data is then used to estimate the parameters of the CoM model of TUlip. For this the used sensors
are first calibrated and validated, which is discussed in Section 4.4. The method used to measure
the ground contact forces, and with that the CoP is discussed in Section 4.4.1. The accuracy of this
method is validated experimentally by measuring some known masses. To accurately measure the
joint angles it is important that the joint angles are calibrated as accurately as possible, which is
described in Section 4.4.2. The measurement procedure to measure robot postures is explained in
Section 4.5, as well as the posture selection. All the obtained experiment data is used to estimate
the base parameters of TUlip, for which the results are given in Section 4.6. A discussion of these
results is given in Section 4.7.

4.1 Implementation in TUlip’s software

The TUlipMC software is used to control TUlip’s motion, both in the simulation model as on the
real robot. Motions can be programmed in this software by specifying the motion in phases. For
each phase a start and end setpoint are defined, either in the joint space (θ) or in the task space
(xe), see Section 3.2.1. The duration of the phase and the type of trajectory between the setpoints
is also defined. The estimation postures are designed such that the foot positions remain the same
for each sequence of five postures. Each estimation experiment thus consists of such a sequence
of five postures. Between these sequences the foot placement changes and the robot thus has to
be lifted back on its stand. For each experiment the setpoints as specified in the software are thus
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these five postures. The robot thus first moves from its initial start position to the first posture. It
stays in this posture for a certain amount of time after which it moves to the next posture.

The setpoints are defined in the joint space and are connected by a cosine velocity profile. The
setpoints are defined in the joint space because a trajectory from one feasible joint angle to another
feasible joint angle is always possible within the joint limits. A trajectory in task space from one
feasible point to another feasible point might exceed certain joint limits. A trajectory from one CoM
position to another CoM position could for example exceed certain joint limits, when converted
to joint angles. Because the trajectories are designed in joint space, this trajectory between two
postures can be unstable, as the CoM position is not specified for the motion. It is however possible
to support the robot when it moves from one measurement posture to another, as this dynamic part
is not used for parameter estimation. Two variables are introduced in the software to specify the
durations of the phases. One for the duration of the moving phase between two postures and one
for the duration of the phase where the robot is standing still. The CoP is measured during this
static phase.

4.2 TUlip simulations

4.2.1 TUlip Gazebo simulator model

For the simulations the Gazebo robot simulator is used. Gazebo is a 3D robot simulator which is
able to simulate the rigid body dynamics as well as a number of standard robot sensors such as
cameras, laser range finders, force sensors and inertial measurement units [2]. A model for TUlip
in Gazebo is already made in our group [7]. This model contains all the joints, links and sensors
which are present on TUlip. The simulator model therefore consist of 17 links, 6 for each leg, one
for the torso, one for each arm and two in the head. The previously derived CoM model for TUlip,
for which the parameters are estimated, does not take the arms and head into account because of
the small masses involved. During the simulations these links are kept in a fixed position such that
these masses together with the mass of the torso can be seen as one point mass. The eight feet
contact force sensors are also modelled, as is the Xsens inertial measurement unit which measures
the orientation and acceleration of the torso with respect to the world. This sensor is mounted
on the shoulder of TUlip. All the simulated sensor data is logged which means that the output
data from the simulations contains the same quantities as are measured in a real experiment. The
logged joint data includes position, velocity and torque for each joint. The desired joint position and
torques are also logged. The Gazebo simulator also visualizes the robot behaviour, as can be seen
in Figure 4.2.1. Compared to [7] a few small changes are made to the TUlip simulator model. The
mass values of the links are rounded to the nearest 100 [g]. The mass of the lower leg is increased,
as the mass of the lower leg is lower than the mass of the foot in [7], which is not realistic. The
used simulation parameters are given in Appendix D. Also the parameters l3y and l9y are added.
All previous TUlip models [34, 7, 38] assumed that the centerline in y-direction of the upper leg
coincides with the centerline of the lower leg. This is however not the case on TUlip, as there is an
1 [cm] offset between these centerlines.

The equations of motion of the robot model are in Gazebo solved using the Open Dynamics Engine
(ODE), which is an open source library for simulating rigid body dynamics. For an overview of how
ODE solves the equations of motion, see [7]. In [7] it is also shown that the accuracy of the simulated
force sensors depends on the chosen solver settings, particularly the maximum number of solver
iterations per time step. The standard solver setting are time steps of 0.001 [s] with maximally 10
solver iterations per time step. For these settings a lot of noise is present on the force values. This
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Figure 4.1: TUlip in simulator

band of noise decreases when the maximal number of solver iterations is increased. Therefore this
setting is increased to maximally 3000 solver iterations per time step. The amount of noise on the
force data then decreases to a range of about 1 [N] wide, and this probably also increases the accuracy
of the dynamic simulation. The remaining simulation noise is not a problem as real measurement
data also always contains some noise or inaccuracies.

4.2.2 Simulation results

All 10 sequences of five robot postures from the optimization with the lowest condition number are
simulated. The orientation and position of the torso at the start of the simulation can be specified
in the simulator. This is done such that the robot’s feet are a few centimeters from the ground and
parallel to the ground plane. The robot is then lowered to the ground at the start of the simulation.
The torso is supported during the first second by external forces to prevent it from tipping over.
After the first second the robot is standing on both feet after which it is released. The robot is
kept in each posture for 30 seconds and the duration of the phase where the robot moves from one
posture to another is 15 seconds. This means that for each sequence of five postures 190 seconds of
data is logged. Of the simulation data only the joint angles and the force sensor data are needed to
estimate the CoM model. The center of pressure (CoP) can be computed because the force sensors
are fixed to the robot’s feet. The position of the sensors can thus be computed with the joint angles
and the kinematic model of TUlip. The CoP can be computed with:

pCoP =

s∑
i=1

Fs,ipsi

s∑
i=1

Fs,i

, (4.1)

where pCoP is the position of the CoP, psi = [psi,x psi,y 0]
> is the position of sensor i with respect

to the base coordinate frame. The force of sensor i is Fs,i and the number of sensors is equal to s,
which is eight as each foot has four force sensors. The base coordinate frame lies below the left or
right ankle, depending on which CoM model is estimated. The right base foot CoM model assumes
that the right foot is fixed to the world, the other that the left foot is fixed to the world. The location
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Figure 4.2: CoP for a simulated sequence of postures

of the base foot’s sensors are thus at a constant position with respect to the base coordinate frame,
the location of the other foot’s sensors are a function of all joint angles. These sensor positions can
thus be computed using the corresponding transformation matrices.

An example of a simulation for a sequence of five postures is shown in Figures 4.2 and 4.3. The
CoP results are shown in Figure 4.2. This figure also shows that there is some noise present on
these data, due to noise on the simulated forces. The joint angles together with the corresponding
reference angles are shown in Figure 4.3. A total of 50 robot postures is simulated. Some of the
postures are not stable because there are controller errors between the reference joint angles and
the real joint angles. In some cases the robot falls, in others the robot is only standing on the inner
side of the right foot which means that the foot is not exactly parallel to the ground. The kinematic
model used to determine the CoM as a function of the joint angles uses the right foot as a base
frame and assumes that this foot is fixed to the ground. Therefore measurements where this is not
the case cannot be used for estimation. Because of this, only 33 of the 50 postures are usable for
parameter estimation.

4.3 Estimation results using simulation data

For each robot posture 30 seconds of static simulation data is available. For the estimation the
average values for the last 15 seconds are used, as it is possible that the robot may move slightly
in the beginning. The following set of equations, which are a function of the joint angles and CoP
data, is used to estimate the CoM base parameter set:

y =Hϑb, (4.2)
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Figure 4.3: Simulation joint angles

where y is a vector containing the vector pCoP for each data point. The matrixH is equal to:

H(q) =



Rb(q1)

...
Rb(qm)


 , (4.3)

where qi is the vector of joint angles for measurement i andm is the total number of measurements.
The matrixRb is the regressor matrix. An estimate of the vector of base parameters, ϑ̂b is found by
solving 4.2 with a least squares method.

Each posture thus corresponds to one data point which is two equations in (4.2). For the 33 stable
postures the condition number ofH is 506.3, which is higher than the value of 314.7 achieved with
the optimization as not all postures are stable. The estimated base parameters ϑ̂b are given in Table
4.1, together with the value of the base parameters as used in the simulation. See Appendix D for
the individual parameter values. The differences between the estimates and the real values are also
shown, as well as differences as percentage of the real value. For most parameters this percentage
is small, however for a few parameters this percentage is about 20 percent. The absolute values of
these errors are however all very small.

It is also possible to estimate the CoP for the simulations using the estimated parameter set and
then compare this to the CoP as obtained from the simulated force sensors. The estimated model
is then equal to Hϑ̂b. This error between estimated model and simulations is shown in Figure
4.4, which shows that the error is very small. From this can be concluded that the simulations and
model match with each other. This almost exact fit is possible because there are no measurement
errors in simulation, and the angles and forces are thus exactly known.
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Table 4.1: Estimation results
BPS no. Value Estimated Difference %

[mm] [mm] [mm]
ϑb,1 -10.601 -10.438 0.163 1.5
ϑb,2 -0.720 -0.779 -0.059 -8.2
ϑb,3 0 -0.034 -0.034
ϑb,4 0 -0.046 -0.046
ϑb,5 3.101 3.202 0.101 -3.3
ϑb,6 -0.720 -0.673 0.047 6.5
ϑb,7 0 0.034 0.034
ϑb,8 0 0.013 0.013
ϑb,9 3.101 2.975 -0.126 4.1
ϑb,10 75.000 74.964 -0.036 0.0
ϑb,11 0 0.014 0.014
ϑb,12 -9.289 -9.356 -0.067 -0.7
ϑb,13 0 0.032 0.032
ϑb,14 0 -0.033 -0.033
ϑb,15 -0.711 -0.563 0.148 20.8
ϑb,16 0 -0.100 -0.100
ϑb,17 193.004 193.835 0.831 -0.4
ϑb,18 0 0.027 0.027
ϑb,19 -276.749 -276.756 -0.007 0.0
ϑb,20 -261.249 -261.215 0.034 0.0
ϑb,21 -12.538 -12.578 -0.040 -0.3
ϑb,22 0 -0.023 -0.023
ϑb,23 43.251 43.271 0.020 0.0
ϑb,24 14.751 14.755 0.004 0.0
ϑb,25 0.462 0.539 0.077 -16.7
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Figure 4.4: Error between estimated CoM model and CoP simulations, in x- and y-direction
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Figure 4.5: Load path through WBB sensor

From the above results can be concluded that it is possible to estimate the CoM model of TUlip
when it is possible to measure the joint angles and ground contact forces accurately. However in
experiments there are some inaccuracies in the measured data which can influence the accuracy of
the parameter estimation technique. These simulation data thus validates the derived estimation
method, which means that it can be used to estimate TUlip’s CoM parameters using experimental
data.

4.4 Sensor calibration and accuracy

4.4.1 Force and CoP measurement method

The CoP is determined by measuring the contact forces between the feet and the ground. TUlip
is for that purpose equipped with four Flexiforce foot sensors below each foot, mounted on the
corners of the foot [17]. These FlexiForce sensors are thin flexible strips which contain a printed
electric circuit. The resistance of this circuit decreases when force is applied to the flexible strip.
This resistance is measured and converted to the applied force using calibration data. However
there are some problems with the accuracy of these sensors, as has been discovered in previous
work on TUlip [7]. Firstly, the sensors saturate at a force of 120 [N], which means that the sensor
saturates when more than half of the weight (23 [kg]) of TUlip rests on one sensor. Secondly there is
no accurate calibration data available. One of TUlip’s sensors has been calibrated [39], but it is noted
that the output data of the sensor does not vary in a range around 12 [N]. In this range the logged
sensor data remains constant when the applied force is varied. This problem can be traced back to
an error in the software used to log the foot sensor data, which means that the available calibration
data cannot be used. Calibration data is available for the prototype foot of the TUlip humanoid,
designed by Twente University [17], where a force measuring accuracy of 7 % is reached.

Because of these issues with the footsensors these sensors are not used to measure the contact
forces. Instead the robot is placed on Wii balance boards. A Wii balance board (WBB) is a 50
[cm] by 30 [cm] board, originally designed by Nintendo as a controller for the WiiFit videogame. A
WBB is shown in Figure 4.6(b). A WBB is an inexpensive measurement device. These boards are
equipped with a force sensor on each corner, which means that it is possible to determine the CoP
of the object which is put on the board. For this the position and orientation of this object with
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Table 4.2: Balance boards measurement results
Wii balance board 1 Wii balance board 2

Mass Meas. Offset Difference Mass Meas. Offset Difference
[kg] mass [kg] corrected [%] [kg] mass [kg] corrected [% ]

-0.753 0 -2.453 0
2 1.250 2.003 0.175 2 -0.437 2.016 0.790
4 3.255 4.008 0.208 4 1.568 4.021 0.518
6 5.264 6.017 0.277 6 3.584 6.037 0.623
7 6.273 7.026 0.371 7 4.605 7.058 0.832
8 7.287 8.040 0.497 8 5.602 8.055 0.691
9 8.292 9.045 0.502 9 6.618 9.072 0.795
10 9.305 10.058 0.581 10 7.641 10.095 0.945

10.5 9.810 10.563 0.603 10.5 8.140 10.594 0.892
10 9.311 10.064 0.645 10 7.634 10.088 0.877
9 8.301 9.054 0.605 8 5.626 8.080 0.996
8 7.286 8.039 0.488 7 4.622 7.075 1.078
7 6.271 7.024 0.344 6 3.607 6.060 1.005
6 5.264 6.017 0.284 5 2.610 5.063 1.262
4 3.257 4.010 0.261 4 1.598 4.051 1.285
2 1.257 2.010 0.483 2 -0.414 2.039 1.960
0 -0.737 0.016 0 -2.421 0.032

respect to the boards sensors should be known, when the CoP is measured with respect to a point
on the object. Because of the size of these balance boards, two boards are used to measure the CoP
of TUlip, one under each foot. A WBB force sensor is shown in Figure 4.5 [30], together with the
path through which the load is applied to the sensor. The load is fed through a horizontal piece of
metal. This piece is equipped with a strain gauge, used to measure the bending of this metal strip,
which is used to determine the force value.

Accuracy of force measurements

The WBB transmits data via a Bluetooth wireless connection. Open source software is used to
connect to the WBB using a computer with a Bluetooth receiver [1]. The data received from the
WBB contains for each time instant integer values for the 4 force sensors. A linear relation exist
between these integer values and the force values. The factory calibration data is also transmitted.
This data contains for each sensor the values corresponding to a weight of 0 [kg], 17 [kg] and 34
[kg]. This data is used to obtain a linear fit between the sensor value and the applied load. Different
known masses are weighted with these boards to asses the accuracy of the devices, and to check
if it is necessary to re-calibrate the sensors or that the factory values are sufficient. The results of
these measurements are shown in Table 4.2 for both balance boards. These measurements use the
internally stored calibration values of the device. For each board the mass is first increased in steps
and then decreased to check the repeatability.

These results show that the measured forces are not exactly zero when no mass is present, but the
values are easily corrected for this offset. The accuracy in the measured range is about 2%. Table
4.2 also shows that some hysteresis is present in the second balance board. The factory calibration
values are used for the force measurements, as the above results show that an accuracy of about 2%
is obtained using the existing calibration. Therefore the boards are not recalibrated.
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Figure 4.6: Wii Balance Board

Table 4.3: Center of pressure measurements, WBB 1
Wii balance board 1

Mass Measured Difference Measured
position CoP weight

x [mm] y [mm] x [mm] y [mm] x [mm] y [mm] [kg] Accuracy [%]
0 0 0.70 -0.77 0.70 -0.77 10.091 0.908

140 -80 140.02 -81.87 0.02 -1.87 10.150 1.502
140 80 137.81 79.47 -2.19 -0.53 10.119 1.188
-140 80 -143.97 83.10 -3.97 3.10 9.996 -0.039
-140 -80 -138.70 -80.96 1.30 -0.96 10.191 1.911

Accuracy of center of pressure measurements

To measure the CoP of an object which is placed on the WBB it is important to know the exact po-
sition of the sensors. The dimensions of the WBB are shown in Figure 4.6(a) and a corresponding
photo of the sensor positions is shown in Figure 4.6(b). The position of the CoP with respect to a
coordinate frame can then be computed using (4.1). The sensor forces Fsi are determined using
the factory calibration data. The position psi,x and psi,y of the sensors with respect to the coordinate
frame can be determined using the boards dimensions as shown in Figure 4.6(a). For the following
validation of the CoP accuracy the CoP and sensor positions are defined with respect to a coordinate
frame located at the center of the board, as also shown in 4.6(a).

The accuracy of the CoP measurements is determined by placing a weight on different positions
on the WBB. This weight is a disk of 10 [kg] with a hole in the middle. The hole in the weight
is placed on a previously measured and marked position. This measured position is compared to
the CoP estimated by the measured forces (4.1). It should be noted that the inaccuracies are not
only caused by the sensors but also by the placement of the weight. The position is first measured
and marked on the WBB with some inaccuracy. The weight is then placed on this mark with some
inaccuracy. The results for the first WBB are shown in Table 4.3 and for the second in Table 4.4.
These tables give the position of the mass, the estimated CoP and the difference between these two.
The measured weight is also given and the error in percent of the real value between this and the
mass of the used weight (10 [kg]), using the internal calibration data.

Tables 4.3 and 4.4 show that the maximum difference between CoM position and CoP is 4 [mm] in
x- and y-direction. However, the accuracy of CoP measurements is probably higher as the position
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Table 4.4: Center of pressure measurements, WBB 2
Wii balance board 2

Mass Measured Difference Measured
position CoP weight

x [mm] y [mm] x [mm] y [mm] x [mm] y [mm] [kg] Accuracy [%]
0 0 0.52 2.60 0.52 2.60 10.198 1.98

140 -80 141.99 -81.67 1.99 -1.67 10.091 0.91
140 80 139.88 78.90 -0.12 -1.10 10.307 3.07
-140 80 -138.24 78.84 1.76 -1.16 10.250 2.50
-140 -80 -136.93 -78.67 3.07 1.33 10.270 2.70

of the CoM is also measured with some inaccuracy. Taking this into account, we can conclude that
the WBBs are accurate enough to determine the static CoP of an object. A WBB has also been
calibrated and validated by Clark et al. [13] to determine the CoP of humans, where the results were
compared with data from a professional force plate. They show an average percentage difference
between 2% and 3% between the measured CoP and the known position of an applied static load.

4.4.2 Calibration of the robot joint angle encoders

The joint angles are measured using Scancon incremental encoders. The encoders generate 30000
pulses per full rotation, one of these pulses is the so called index pulse. The joint angles are mea-
sured relative to this index pulse. It is therefore important to know the location of this index pulse
relative to the zero position of the joint. There would be an offset between the measured and the
real joint angle if this calibration is not done correctly. A calibration rack has been designed in our
group to determine these joint encoder offsets easier and more accurately. This calibration rack
together with its dimensions is shown in Figure 4.7. The configuration of the robot in the rack is
known, because the dimensions of the rack are known.

Inverse kinematics are used to determine the joint angles corresponding to the calibration rack
configuration. The position and orientation of the torso and left foot, all with respect to the right
foot, are used as inputs for this. The orientation of the torso and left foot are the same as the right
foot. These roll, pitch and yaw angles are thus zero. The position of the torso and left foot can be
derived from the dimensions given in Figure 4.7, and the position of the link coordinate frames as
shown in Figure 3.1.

Only three dimensions of the calibration rack need to be measured to determine the full robot con-
figuration. The first dimension is the distance in y-direction between the feet, as the distance in x
and z is zero. The second is the height of the torso (z-position) and the third is the torso position in
x-direction. For the y-coordinate of the torso we assume that the mid point of the torso is halfway
between the feet. The joint encoder offsets are derived from the joint angles computed with the
inverse kinematics and the measured encoder values when the rack is mounted to the robot. How-
ever the accuracy of these offsets depends on the accuracy of the measurement of the dimensions
of the calibration rack. It also depends on the accuracy of the link lengths. The assumption that
the orientation of the torso and both feet in the calibration rack are exactly the same may also not
be exactly true. It is only true if all robot links and the rack itself are perfectly straight. This may
however be not exactly the case.
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Figure 4.7: Calibration rack dimensions

4.5 Static CoP measurements

The CoP and joint angles need to be measured to estimate the parameters of the CoM model of
TUlip. These measurements are done for a number of postures.

4.5.1 Measurement procedure

The joint angles are measured using the joint angle encoders. The CoP is measured with the
WBBs, for this it is important to know the position of the force sensors with respect to the robot.
Therefore the position and orientation of the robot with respect to the WBBs should be known. This
is achieved by placing the second WBB at a known distance from the first WBB and by placing the
robot with its right foot on a known position on the first WBB. With this the position of all eight
force sensors with respect to the right foot is known which is enough to estimate the CoM model of
the right foot base coordinate frame. The position of the force sensors with respect to the left foot
is, however, also known as the robot is standing on both feet and the position of the left foot with
respect to the right foot can be computed using the kinematics.

The measurement procedure is as follows. First, for every foot position a suitable position for the
WBBs should be found. The boards are placed next to each other where possible, however this is
not always possible when the feet are placed further apart. In those cases the WBBs are placed at
a measurable distance between them, for example by placing a wooden block between the two. It
is important that the orientation of the robot on the WBBs is accurately known. For this, lines at a
measured distance from the center of the board are marked with tape. In this way it is possible to
mark the position of the right foot beforehand. The position of the WBBs only has to be changed
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Figure 4.9: Center of Pressure for a measurement sequence
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Figure 4.10: Examples of measurement postures on TUlip

(and measured again) between five measurements, as the measurement postures are determined
such that the foot position stays the same for each five postures.

The robot moves to the first configuration when it is still hanging on its stand. The robot is then
placed with its right foot at the marked location. Examples of TUlip standing in a number of
postures on the measurement boards are shown in Figure 4.10. This figure also shows examples
of how the WBBs are placed with respect to the robot. The robot is kept in each posture for 60
seconds and then moves in 30 seconds to the next posture. For the total sequence of five postures
the measurement results in 420 seconds of logged joint angles and force data. The joint data for a
sequence of five postures is shown in Figure 4.8. The corresponding CoP data is shown in Figure
4.9. This sequence of postures is the same as shown in Figures 4.3 and 4.2 for simulation data.

4.5.2 Measurement series

First series of measurements

The measurement points derived from the fourth optimization run are used for the experiments
because that condition number is the smallest, see Table 3.2. These are the same configurations as
used in the simulations. However, some of these robot configurations are not stable and can there-
fore not be used. This is caused by the fact that the stability of these configurations is determined
with guessed values for the parameters. There are also always joint controller errors which can
also cause the robot to fall over. These errors are caused by gravity, friction in the joints, backlash,
calibration errors, etc. The gravity compensation in TUlipMC (TUlip motion controller software) is
only properly defined for the single support case, when the robot is standing on one leg. The grav-
ity compensation is therefore not used during the measurements. The joint PD controllers cannot
bring these errors to zero under the influence of gravity, as they generate a joint torque only if an
error between the reference and measured joint angle is present. Due to these errors the robot can
fall over. There are also some postures in the set where one foot is in front of the other. Such a
posture is technically possible within the joint limits, however the movement from the initial robot
posture to such a posture gives problems. The robot moves at startup to an initial state where both
feet are next to each other. The feet for some cases hit each other when moving from this to a
posture where the feet are in front of each other.
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Some of the optimized configurations are therefore not possible to measure for the above reasons.
From optimization series 4 only 26 of the 50 measurements are possible, which means that the
condition number increases. Also because practice shows that postures that decrease the condition
number the most have the highest change of failing because these are the closest to the limits. The
condition number for the data matrix H for these 26 measurements is 2060.6 which is higher
then the value of 314.6 which was the lowest minimum from the optimizations (see Table 3.2). To
further decrease the condition number, some configurations from the third optimization series are
also measured. From this series those configurations are chosen that lower the condition number
the most. This can be checked by computing the condition number when a measurement is added.
Using the configurations from optimization run 3 another 13 measurements are performed, lower-
ing the condition number to 790.5, which is still higher as achieved in the simulations where the
condition number is 506.3.

Second series of measurements

More measurements are always better to estimate the parameters of TUlip, because in that way
measurement errors can be averaged out. Such errors for example occur when the placement of
TUlip on the WBBs deviates from the desired position. Therefore a new series of measurement
postures is determined by making some changes to the optimization. The optimization algorithm
optimizes a series of 50 measurements, but when some of these are not possible the entire opti-
mization may be useless. All configurations as a whole are optimal, all minus a few can increase
the condition number again to values equivalent to the initial value before optimization. The op-
timization constraints are therefore changed in an attempt to find an optimized series of postures
which can all be measured.

A robot posture is defined by the CoM position, torso orientation and left foot position and ori-
entation, all with respect to the right foot, as described in Section 3.5. The first change to the
optimization algorithm is that the predicted total center of mass of the robot is fixed to the center
of the support polygon, instead of an area where the predicted CoP can be. This solves the stability
problems which occurred for some of the initial measurement postures. The CoP coordinates are
then equal to:

xCoM =
xsp,max − xsp,min

2
− l6h, (4.4)

yCoM =
ysp,max − ysp,min

2
− l6o,

where xsp,max and ysp,max are the maximum x- and y-coordinate of a support polygon corner point
and xsp,min and ysp,min are the minimum x- and y-coordinate of a support polygon corner point.
The lengths l6h and l6o are dimensions of the right foot, as the CoM position is defined with respect
to the right foot, see also Figures 3.3(a) and 3.3(b).

The support polygon, and therefore also xCoM and yCoM (4.4) are a function of the feet position
and orientation. This means that the degrees of freedom for each robot configuration reduces from
9 to 7, that is 3 for the torso orientation, 3 for the left foot position and orientation and 1 for the
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Table 4.5: Optimization results 2
Condition number

run Initial Optimized
1 1719.0 579.2
2 2298.4 514.4
3 1798.8 520.7
4 1180.3 483.6
5 1394.1 514.9

height of the CoM. The improved optimization problem is defined as:

arg min
χ

κ (H (χ))

subject to θi ≥ θl, i = 1, . . . , η

θi ≤ θh, i = 1, . . . , η

θi,7 − θi,1 ≤ 60, i = 1, . . . , η

ys ≥
√
l212h + l212a + l6a, i = 1, . . . , µ

df,i ≥ 0, i = 1, . . . , µ

(4.5)

with the design variables χ in this case equal to:

χ =
[
zCoM,1 · · · zCoM,η φ

>
T,1 · · ·φ>T,η xs,1 · · ·xs,µ ys,1 · · · ys,µ ϕs,1 · · ·ϕs,µ

]>
(4.6)

Compared to the previous optimization (3.14), one constraint is removed and one is added in (4.5).
The stability constraint is removed as (4.4) ensures that the robot is stable. The added constraint
ensures that the left foot cannot be positioned in front of the right foot, by constraining the foot
y-position ys. In this way the robot can move definitely from its initial posture to a measurement
posture. The parameters l6a, l12a and l12h are dimensions of the feet, see Figure 3.3(a). The method
to determine initial values for the optimization algorithm is adapted likewise such that it also fulfills
the new constraints. This means that (4.4) is used instead of choosing a random xCoM and yCoM
position, and the possible range of ys is reduced. Five different sets of initial values are optimized
with the above optimization routine. The resulting condition numbers are shown in Table 4.5.
From Table 4.5 follows that the fourth optimization run results in the lowest condition number.
This set of postures is therefore measured. These experiments show that all the postures of this set
are stable and possible on TUlip.

Repeated experiments

A number of measured configurations of the first series of measurements is repeated to check how
accurate the CoP is measured. Figure 4.11 shows the difference in measured x- and y-coordinate
of the CoP between the first and second measurement of the same posture. A total of 19 measure-
ments are repeated.

From Figure 4.11 can be concluded that the error of the CoP measurements is smaller than 1 [cm].
It should however be noted that this difference is not totally caused by measurement errors. The
actual CoM position of the robot can also vary between the first and second measurement of the
same posture because the position of the feet may vary. This depends on how the robot is placed on
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Figure 4.11: Difference between repeated CoP measurements, in x- and y-direction

the balance boards. This means that there is also a difference in the measured joint angles which
are used for parameter identification. There are thus the following possible causes that explain
differences between two measurements of the same posture:

• Variation in the position and orientation of the robot on the WBBs. The desired location of
the robot on the WBBs is the same for both measurements of the same posture. The obtained
position however varies as it is impossible to place a 23 [kg] robot with a high accuracy by hand.
This influences the accuracy of the parameter estimation as this means that the position of
the force sensors varies, which influences the computation of the CoP.

• Variation in the position of the feet with respect to each other, which depends on how the robot
is placed on the WBBs. This does not influence the accuracy of the parameter estimation as
this means that the joint angles are also different which is measured.

• Differences in the joint angles and force measurements, due to accuracy of the sensors, cali-
bration differences, etc.

4.6 Estimation results using experiment data

A total of 108 measurement points are now used for the parameter estimation. These consist of 39
of the original measurements, 19 repeated measurements of the first series and a new series of 50
measurements. These measurements are now used to estimate the 25 CoM base parameters which
are identifiable with both feet on the ground, for details about those base parameters see Appendix
B.1. Using the data a 216 by 25 matrix H (4.3) is constructed. For each posture 60 seconds of data
is logged. The average joint angles for the last 30 seconds are used in the regressor matrix as one
data point. The first 30 seconds are omitted as the robot may still move slightly. This ensures that
the used joint angles are for a fully static robot. Again the set of equations (4.2) is used to estimate
the base parameter set. For the vector pCoP for each data point, also the average CoP for the last 30
seconds of data is used.

The estimates for the base parameters obtained in this way are given in Table 4.6, using all data
points. That table also gives the simulation values. These are the values for the base parameters,
computed using the parameter values as used in simulation and optimization, see Appendix D.
These simulation values are shown to give an indication of the expected magnitude of each base
parameter. The TUlipMC values are also given, these are the parameter values as currently used
in TUlip’s software. The differences between the estimated model and the TUlipMC model are
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Table 4.6: Parameter estimation results with experiment data, right foot as base
Full CoM model Simplified CoM model

BPS Sim. TUlipMC Estim. Standard Relative Estim. Standard Relative
no. value value value error std. err. value error std. err.

[mm] [mm] [mm] [mm] % [mm] [mm] %
ϑb,1 -10.60 0 -10.96 1.42 13.0 -11.72 1.32 11.2
ϑb,2 -0.72 0 -2.34 5.74 245.7
ϑb,3 0 0 4.83 8.24 170.6
ϑb,4 0 0 1.55 11.85 765.8
ϑb,5 3.10 0 -5.87 17.44 297.2 -1.34 1.74 129.4
ϑb,6 -0.72 0 -14.07 6.65 47.3
ϑb,7 0 0 -30.91 8.32 26.9
ϑb,8 0 0 -3.28 7.99 243.5
ϑb,9 3.10 0 51.35 15.50 30.2 3.60 1.19 32.9
ϑb,10 75.00 75.00 76.39 1.45 1.9 77.41 1.37 1.8
ϑb,11 0 0 -8.80 5.92 67.2
ϑb,12 -9.29 0 44.15 46.20 104.6 -11.99 1.52 12.7
ϑb,13 0 0 -46.83 46.44 99.2
ϑb,14 0 0 3.68 5.06 137.2
ϑb,15 -0.71 0 -32.62 28.74 88.1 -3.02 0.99 32.8
ϑb,16 0 0 26.54 29.20 110.0
ϑb,17 193.00 202.30 130.33 2.91 2.2 135.69 1.61 1.2
ϑb,18 0 0 -5.78 3.80 65.7
ϑb,19 -281.07 -278.52 -270.08 2.10 0.8 -271.53 1.62 0.6
ϑb,20 -261.25 -260.67 -255.75 5.68 2.2 -256.39 2.85 1.1
ϑb,21 -12.54 -12.52 -36.09 8.61 23.9 -35.78 4.05 11.3
ϑb,22 0 0 0.68 3.39 501.3
ϑb,23 43.93 41.48 39.34 3.59 9.1 48.15 2.16 4.5
ϑb,24 14.75 15.33 16.45 2.71 16.5 16.83 1.88 11.2
ϑb,25 0.46 0.48 -10.77 6.49 60.2 -10.51 3.28 31.2

discussed in Section 4.6.2. The table also gives estimation values for a simplified CoM model
which is discussed later in Section 4.6.1.

Figure 4.12 shows the estimates for the base parameters as a function of the number of data points,
taking all previous data into account. The estimate for measurement number k thus uses the data
from measurement 1 to k. Estimates during the first 13 measurements are omitted from the figures
as a minimum of 13 data points are needed to find a unique least squares solution for the 25 iden-
tifiable base parameters. Each data point corresponds to two rows in the regressor matrix, one for
the x-coordinate and one for the y-coordinate of the CoP. Base parameters which vary in approxi-
mately the same range are plotted together to give a clearer representation of the variation in the
estimates. Figure 4.12 shows that the estimates converge to almost constant values. The estimate
does not become completely constant as measurement errors are present in the experimental data.
The estimates therefore continue to vary a bit around a value. This uncertainty decreases as more
data is used, as measurement errors are then averaged out.

For each measurement an estimate for the CoP can be computed with the measured joint angles
and the estimated base parameters. This shows the quality of the measured centers of pressure
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Figure 4.12: Parameter estimates
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Figure 4.13: Error between estimated full CoM model and CoP measurements, in x- and y-
direction

with the estimated model. The estimated model is then equal to:

ŷ =Hϑ̂b, (4.7)

where ŷ is an estimate for y. The error between the estimated model and the measurements is
equal to:

e = y − ŷ (4.8)

This error term is shown in Figures 4.13 for each measurement for the full CoM model. The
different feet positions are separated by a black line in that figure. At these moments the foot
position and orientation changes. The robot is then lifted of the ground and the WBB position
is changed after which the robot is placed back with another foot orientation. An error in the
placement of the feet with respect to the WBBs is thus constant during a sequence of postures with
the same foot position. This can also be seen in Figure 4.13, as the error is larger for some foot
positions.

To obtain a measure for the accuracy of each estimated parameter it is possible to compute for
each parameter a so called standard error [29] or standard deviation [18]. First an estimate for the
standard deviation σ̂ of the error term is computed [29]:

σ̂2 =

r∑
i=1

e2i

r − p , (4.9)

where r is the number of data points and p is the number of parameters. With the above a standard
error of the jth base parameter ϑ̂b,j can be calculated [29]:

se(ϑ̂b,j) =
√
σ̂2Cjj , (4.10)
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where Cjj is the jth diagonal element of the matrix C = (H>H)−1. The relative standard error is
then defined as:

se(ϑ̂b,j)rel = 100 · se(ϑ̂b,j)
|ϑ̂b,j |

. (4.11)

This value gives for each estimated parameter a measure of the precision of the estimate. Khalil et al.
[26] give a number of practical considerations with respect to these standard errors. They consider
a parameter as well identified if its relative standard error is less than 15. If it is higher, then the
parameter either has no significant effect on the model or, in the case of dynamic identification, it
is not excited enough by the used trajectory.

Another guideline Khalil et al. [18] give is that the number of data points must be at least 500
times the number of parameters, r > 500 × p . This number of data points is easily obtained with
dynamic identification. In that case every time instant at a certain sample frequency is a new data
point. However, for the static measurements every measurement is only one data point. Possible
ways to decrease the standard deviation and thus the uncertainty on the estimated parameters are:

• Increase the accuracy of the CoP measurements, which lowers (4.9)

• Increase the number of measurements m, which also lowers (4.9)

• Lower the condition number of the matrixH , which lowers Cjj .

For the first option more accurate measuring instruments are needed such as professional force
plates or 6-axis force sensors mounted in the ankle of the robot, which are both not available.
Increasing the number of measurements is very time consuming. A better option is to identify
the parameters dynamically which results in more data. The condition number of the matrix H
depends on the measured robot configurations which is limited by stability constraints and joint
limits. A possibility to lower the condition number is to measure configurations where the robot is
standing on one leg, but it is difficult to find stable single support postures.

The matrix C = (H>H)−1 can also be used to determine the correlation between two columns of
the data matrix H . The correlation between the columns corresponding to two base parameters i
and j is given by [29]:

ρij =
Cij√
CiiCjj

. (4.12)

The correlation between two variables is a measure for the linear relationship between the two.
A zero correlation means that the parameters are completely independent, a value of 1 indicates
a positive linear relation and -1 a negative linear relation. A strong linear relation between two
columns means that it is difficult to estimate the corresponding columns independently. The base
parameters with the highest correlation are the combination of ϑb,12 and ϑb,13 (ρ12,13 = −0.9928)
and the combination ϑb,15 and ϑb,16 (ρ15,16 = −0.9882). This explains the large standard error for
these parameters in table 4.6. The base parameter ϑb,12 contains the y-position of the masses of
the right hip, upper leg, lower leg and ankle, and ϑb,13 is the y-position of the right foot mass (see
Appendix B). If the ankle roll joint (θ6) were fixed then these two base parameters would group
together to one base parameter, as the y-axes of the coordinate frames 2 to 6 would be parallel,
see Figures 3.1 and 3.2. This joint is not fixed, but the joint range of that link is limited (between
-20 and +17 degrees, see Table 3.1). This explains why there is a strong linear relationship between
these two base parameters. Column 12 of the regressor matrix is Rb,12 = [0 1]> and column 13
Rb,13 = [0 cos(θ6)]

> which also shows that these columns are almost the same for small values of
θ6.
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The base parameters ϑb,15 and ϑb,16 are similar as ϑb,12 and ϑb,13, but then on the left leg, thus
for these the above also holds. This explains the large standard errors, and the large deviations
between the estimated and expected (simulation) values for these base parameters in Table 4.6.
These combinations of base parameters are separately identifiable in theory, but the difference in
the corresponding columns in the regressor matrix is too small to estimate these base parameters
independently when measurement inaccuracies are present.

There also seems to be a problem, although to a lesser degree, with the x-positions of the masses of
a leg. These base parameters (ϑb,2, ϑb,3, ϑb,4 and ϑb,5 for the right leg and ϑb,6, ϑb,7, ϑb,8 and ϑb,9 for
the left leg) also show large standard errors and large deviation between the estimated and expected
values. It is therefore probably also difficult to estimate these base parameters independently. It
should be noted that leg links are almost symmetrically in x- and y-direction, and that the corre-
sponding cix and ciy are probably all very small. Therefore the influence of these parameters on the
measured quantity (the CoP) is very small or negligible. The contribution of a base parameter i to
the measured CoP is for a measurement equal to Rb,iϑb,i, where Rb,i is column i of the regressor
matrix. In the ideal case the CoP measurement errors are random and normally distributed around
the real CoP values. In that case these measurement errors cancel each other out using the least
squares method, and then it is possible to estimate parameters with a small influence on the CoP.
However due to the relatively small number of data points used to estimate the CoM model, this is
not the case. Therefore the influence of a certain base parameter (Rb,iϑb,i) might be smaller than
the influence of measurement errors. Scaling of the base parameters such that they all have the
same order of magnitude does not solve this issue as in that case for example ϑb,i increases with
a factor 106 and Rb,i decreases with the same factor. The least square estimate will in that case re-
main the same (only with a different scaling), as the minimum in ||Hϑ̂b − y||2 remains the same.
Therefore it is not easy to estimate these parameters from the measurement data especially when
measurement noise and errors are present in the data.

4.6.1 Simplified CoM model

The previous results show that it is difficult to estimate all single base parameters accurately from
the measurement data. Therefore the parameters of a simplified model are also estimated. This
simplified model assumes that a number of parameters is zero, these parameters are therefore
omitted from the model. The remaining parameters are:

• All mass values mi

• The torso mass position in three directions, as this is the largest mass.
• The position of the masses of the leg links only in z-direction, ciz , thus assuming that the legs

are symmetrical in x- and y-direction
• The feet mass positions in x-and z-direction, as the center of the foot is in front of the ankle.

The estimates for the remaining base parameters are also shown in Table 4.6, and the errors be-
tween each measurement and the fitted simplified model is shown in Figure 4.14. From that figure
can be seen that the estimated simplified model coincides with the measurement data almost as
well as the full model. The standard deviation of this error term (4.9) is for the full model equal
to 3.57 [mm] and for the simplified model 3.65 [mm] which is almost the same. The advantage
of using the simplified model is that the CoM of the robot can be estimated almost as accurate as
with the full model, without the problems that some base parameters cannot be estimated indepen-
dently. A disadvantage is that the assumption is made beforehand that some parameters are zero,
which is not proven with measurements.
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Figure 4.14: Error between estimated simplified CoM model and CoP measurements, in x- and
y-direction

4.6.2 Estimated and existing TUlipMC CoM model compared

The existing TUlipMC CoM model is used to compute trajectories of the joint angles for a specified
CoM position and to compute the gravity compensation torques. In this model all link cix param-
eters are assumed to be zero. All ciy parameters are also zero except for the torso mass, which is
assumed to lay halfway between the two legs in y-direction. For all hip, leg and foot masses only
a parameter ciz for the z-position is used. For these links it is assumed that the mass lies at half
the link length. The TUlipMC parameters are given in Appendix D.2. In Figure 4.15 the measured
centers of pressure are compared to the predicted CoP using the TUlipMC parameters, again using
the right foot base model. This shows the error between the measured CoP and the predicted CoP
using the parameters as are currently used to control the robot. This figure shows that the mea-
sured CoP lies behind and to the left of the TUlipMC CoP for almost all measured postures (the
error is negative in both x- and y-direction).

The difference in y-direction can be explained by the fact that the l3y and l9y knee offsets in y-
direction are not present in the TUlipMC model. This means that the feet are closer to each other
in reality than in the model. The distance between the feet is 0.5 [cm] when all joints are zero
or 2.5 [cm] when not taking both y-offsets into account. However, previously the robot joints were
calibrated such that this distance was 2.5 [cm] with all joints zero. The joint zero position calibration
values were thus used to compensate for the modelling inaccuracy. The negative error in x-direction
is probably mostly caused by the fact that the torso mass lies further backward than assumed in the
TUlipMC model. The c0x parameter is zero in the TUlipMC model, thereby assuming that the torso
mass lies directly above the leg mounting points in x-direction. However, the legs are mounted 2
[cm] in front of the centerline in x-direction of the torso. The computer is mounted inside the
torso against the backplate, which also makes it likely that the torso mass lies further backward.
This inaccuracy was previously also compensated using the calibration. The robot’s ankle y-axes
were calibrated such that the robot is slightly inclined forward when that joint is zero, thereby
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Figure 4.15: Error between TUlipMC CoM model and CoP measurements, in x- and y-direction

compensating for the error between the real and modelled CoM. During the parameter estimation
experiments the robot is calibrated using the calibration rack and taking the y-offsets in the knees
into account. This difference in calibration means that the error between the computed and real
CoP was smaller in reality than shown in Figure 4.15, as the calibration was used to compensate the
difference and thus to tune the balance of the robot.

4.7 Conclusions

The simulations show that it is possible to accurately estimate all CoM base parameters, if the
joint angles and CoP can be measured exactly. However, in experiments this is never the case.
Due to measurement inaccuracies some base parameters are estimated less reliable than others.
The analysis using standard errors shows that those parameters which have a small influence on
the CoP correspond to those with the highest uncertainty in the estimated value. Likewise, the
most important base parameters are estimated with low uncertainty. The estimation results with
a simplified CoM model show that the CoP of the robot can be modelled almost as accurate as
with the full model. The advantage of this simplified model is that the parameters with unreliable
estimation results are eliminated from the model.

In Table 4.7 the accuracy of the individual parameter estimates, obtained using the experimental
data, are compared for the full and simplified CoM model. In this table the relative standard error
for both models are given. The relative standard error (4.11) is a measure for the accuracy of
the estimated parameter value. The higher the relative standard error, the lower the accuracy of
the estimate. For the base parameters with a high relative standard error, the reason for this low
accuracy is given in Table 4.7, summarizing the discussion of the accuracy of the estimates as
given in Section 4.6. Also given in Table 4.7 are the corresponding mass position(s) for each base
parameter, as each base parameter consists of mass positions multiplied by the corresponding mass
values, divided by the total mass. For details about the base parameters, see Appendix B.1.
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Table 4.7: Accuracy of the estimated parameter values
Rel. standard error

BPS Corresponding Full Simplified Reason for high
no. mass position(s) model [%] model [%] relative standard error
ϑb,1 Torso x 13.0 11.2
ϑb,2 R. hip x 245.7 Values probably close to zero because leg

links are symmetric in x-direction, all ne-
glected in the simplified model

ϑb,3 R. upperleg x 170.6
ϑb,4 R. lower leg x 765.8
ϑb,5 R. ankle/foot x 297.2 129.4 Right foot fixed to base coordinate frame
ϑb,6 L. hip x 47.3 Values probably close to zero because leg

links are symmetric in x-direction, all ne-
glected in the simplified model

ϑb,7 L. upperleg x 26.9
ϑb,8 L. lower leg x 243.5
ϑb,9 L. ankle/foot x 30.2 32.9
ϑb,10 Torso y 1.9 1.8
ϑb,11 R. hip y 67.2 Hip link is small in size, neglected in sim-

plified model
ϑb,12 R. leg y 104.6 12.7 Correlation ρ12,13 = −0.9928, ϑb,13 ne-

glected in simplified modelϑb,13 R. foot y 99.2
ϑb,14 L. hip y 137.2 Hip link is small in size, neglected in sim-

plified model
ϑb,15 L. leg y 88.1 32.8 Correlation ρ15,16 = −0.9882, ϑb,16 ne-

glected in simplified modelϑb,16 L. foot y 110.0
ϑb,17 Torso z 2.2 1.2
ϑb,18 R. hip z 65.7 Hip z length is zero, neglected in simplified

model
ϑb,19 R. upper leg z 0.8 0.6
ϑb,20 R. lower leg z 2.2 1.1
ϑb,21 R. ankle z 23.9 11.3
ϑb,22 L. hip z 501.3 Hip z length is zero, neglected in simplified

model
ϑb,23 L. upper leg z 9.1 4.5
ϑb,24 L. lower leg z 16.5 11.2
ϑb,25 L. ankle z 60.2 31.2
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Table 4.8: Maximum and mean error norm per posture for different CoM models
Mean [mm] Max [mm]

Estimated full CoM model, right foot base 4.2 10.7
Estimated simplied CoM model, right foot base 4.5 12.9
TUlipMC CoM model, right foot base 28.3 60.2
Estimated full CoM model, left foot base 9.5 23.5
Estimated simplied CoM model, left foot base 11.7 32.1
TUlipMC CoM model, left foot base 35.1 62.9

The accuracy of the estimated CoM models is compared using the norm of the error term (4.8)
per posture. That is the shortest distance between the measured and estimated CoP. For this the
maximum and mean values are computed and shown in Table 4.8. This table shows those mean
and maximum errors for the estimated full CoM model, the estimated simplified CoM model and
the existing TUlipMC model. These three are given for both the right foot and the left foot as base.
All estimation results for the left base foot CoM model are given in Appendix E.

The table also shows that the results are significantly worse for the left base foot model. This is
because the position and orientation of the WBBs are measured with respect to the right foot of the
robot. The accuracy of the CoP measurement thus for the right foot model only depends on the
accuracy of the measurements of the sensor locations. For the left foot model the position of the
left foot with respect to the right foot is computed using the kinematic model. This is a function of
all joint angles. In that way the coordinates of the sensor locations with respect to the left foot are
computed. The accuracy of the CoP with respect to the left foot therefore depends on the accuracy
of the sensor position measurements (with respect to the right foot) and on the accuracy of all joint
angles. The joint encoders are able to measure a relative angle with a high accuracy. However, the
joint calibration might contain some inaccuracies. This calibration is based on measurements of
the dimensions of the calibration rack, and the measured link lengths.

The experiments can be repeated while the robot is placed with the left foot at a known location on
the WBBs. It is expected that in that case the same accuracy as obtained with the right foot model
can also be obtained for the left foot model. The estimation accuracy can be increased, independent
on the used model, by increasing the CoP measurement accuracy. The highest gain can be achieved
by increasing the accuracy of the measurements of the position and orientation of the robot with
respect to the WBBs as this directly influences the accuracy of the measured CoP. The Figures 4.13
and 4.14, which show the error terms per posture also show that the error depends on the placement
of the robot on the WBBs. The error term varies mostly when the foot orientation is changed. Gains
in estimation accuracy can also be found by increasing the accuracy of the joint angle calibration or
by using more accurate force sensors.
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Chapter 5

Dynamic parameter estimation using
the ZMP model

The previously described parameter estimation method, as tested in simulations and experiments,
uses the equations for the center of mass (CoM) of the robot as a model for the center of pressure
(CoP). This means that the parameters of that model are estimated, which are masses of the links
and the positions of these masses. This model is only equal to the CoP of the robot when the robot
is standing still. Other dynamic forces are also acting on it when the robot is in motion. The CoP
then coincides with the Zero Moment Point (ZMP).

The CoM model can be used to approximate the CoP and thus the balance of the robot, as is done
currently on TUlip. However, when the motion become faster the dynamic forces on the robot
become larger and this approximation thus becomes more inaccurate. Therefore to accurately pre-
dict the balance of the robot when in motion the parameters of the ZMP model should also be
known. The ZMP model not only depends on the joint angles but also on their derivatives, which
are the joint velocities and joint accelerations. In this chapter the parameter estimation method is
extended to also include the dynamic parameters of the robot. The ZMP equations are first rewrit-
ten to a standard regressor form in Section 5.1. The base parameter set (BPS) for this model is
derived in Section 5.2. The derived ZMP model is validated with simulation data in Section 5.3. For
this, existing motions from TUlip are used. The dynamic parameter estimation method is tested
using the same simulation data, for which the results are given in Section 5.4.

5.1 Rewriting the ZMP equations to a regressor form

The equations for the (ZMP) are as follows (see Section 2.4.3). For convenience we assume that the
xy-plane of the base coordinate frame lies on the ground. The x-position of the ZMP is then equal
to:

xzmp =
MgxCoM − L̇y
Mg + Ṗz

, (5.1)

which is the total moment around the y-axis of the base frame divided by the total force in z-
direction. Likewise is the ZMP y-position equal to:

yzmp =
MgyCoM + L̇x

Mg + Ṗz
, (5.2)
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which is the moment around the x-axis of the base frame divided by the total force in z-direction.
The equations for the CoM, xCoM and yCoM , are the same as for the static identification in the
previous chapters. The ZMP equations are a function of the derivatives of the linear and angular
momentum of the robot. The derivative of the linear momentum is equal to:

Ṗ =
n∑

i=1

mip̈
o
ci, (5.3)

and the time derivative of the angular momentum is given by:

L̇ =
n∑

i=1

(ṗoci × (mip̈
o
ci) + I iω̇i + ωi × (I iωi)) . (5.4)

The ZMP equations are derived using Matlab. These equations become very large as TUlip has 12
degrees of freedom. The linear and angular momentum are a summation of the momentums of
each link. The time derivative of the angular and linear momentum of a link depend on the joint
positions, velocities and accelerations of all joints which appear in the kinematic chain between
the base and the respective link. The kinematic chain runs from the base foot to the swing foot.
The dynamics of the swing foot thus depend on all joint angles and their derivatives. The ZMP
equations become very large and complex, as it is a summation of the dynamics of all the links.

The same Matlab implemented algorithm as used for the CoM equations is used to rewrite the
ZMP equations to the regressor form. This algorithm first removes all parentheses from the equa-
tions. The resulting equations then should consist of a summation of terms, where each term is
a multiplication of parameters (both known and unknown) and functions of the joint angles and
their derivatives. Each term is then split up in a part containing unknown parameters, which are
collected in the vector ϑs, and a part containing known parameters and measurable generalized
coordinates (q, q̇ and q̈), which are collected in the regressor matrix Rs. The set of parameters is
later on reduced to the BPS. This reduction is also implemented in the algorithm, using the method
as described in Section 2.3.2. For this the elements of the regressor matrix Rs are in the same way
split up in a part containing functions of the generalized coordinates and a part with known param-
eters and scalar coefficients. The functions are collected in a vector f and the known parameters
and scalars are collected in a vector bij for each element of Rs, see (2.9) and (2.10). The BPS is
then derived using (2.11) and (2.12), for further details see Section 2.3.2.

Using this algorithm to determine the regressor form and BPS for the ZMP equations introduces
a number of problems. First of all, it is difficult to determine the regressor form for (5.1) and
(5.2), because an equation containing parameters and functions is divided by another equation
with parameters and functions. The used algorithm is only able to determine the regressor form
if the original equations are written as a summation of terms, where each term is a multiplication
of parameters and functions. The equations (5.1) and (5.2) are not easily rewritten to such a form
due to the division of equations. Also it is not certain that (5.1) and (5.2) are linear in the standard
inertial parameters. However it is easier to derive the regressor form for the equations for the
moments in x- and y-direction and the force in z-direction. This gives the following 3 equations
instead of (5.1) and (5.2):

Mx = MgyCoM + L̇x, (5.5)
My = MgxCoM − L̇y, (5.6)
Fz = Mg + Ṗz, (5.7)

where Mx is the moment around the x-axis of the base frame, My is the moment around the y-axis
of the base frame and Fz is the total force in z-direction.
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The above moments and force can be measured with force sensors under the feet of the robot which
measure the contact forces.

Mx =
s∑

i=1

Fs,ipsi,y, (5.8)

My =
s∑

i=1

Fs,ipsi,x, (5.9)

Fz =
s∑

i=1

Fs,i, (5.10)

where s is the number of force sensors. The measured contact force Fs,i of sensor i corresponds to
position vector of that force ps,i.

A second problem occurs in the first step of the algorithm. In this step all parentheses are removed
from the equations. This step also removes summations of joint angles from the trigonometric
functions, e.g. sin(θ3 + θ4) becomes cos(θ3) sin(θ4) + sin(θ3) cos(θ4). In the case of the ZMP
equations there is however not enough computer memory available for Matlab to expand these
equations fully, as these equations are already very long. The trigonometric functions in the ZMP
equations are replaced with variables to solve this problem. For example, sin(θ3 + θ4) becomes s34
and cos(θ5) becomes c5. In this way the required memory is reduced, which makes it possible to use
the algorithm. However, the computation time needed to rewrite the ZMP equations to regressor
form is still high.

The result is that the equations (5.5) are rewritten in a regressor form with a vector of standard
parameters. These parameters are later on regrouped to obtain the BPS. This regressor form is
equal to:

ζ = Rs(q, q̇, q̈)ϑs, (5.11)

where ζ = [Mx My Fz]
>. The regressor matrix Rs is a function of the joint angles q, the joint

velocities q̇ and the joint accelerations q̈. The vector of standard parameters ϑs consists for each
link i of:

• The parameters as identified earlier using the CoM model. These are mi, cixmi, ciymi and
cizmi. However, these not only appear in the static part of the equations (5.5) but also in the
linear momentum (5.3). The acceleration of a mass depends on the same parameters as the
position of a mass, as it is a derivative of the position.

• The six elements of the symmetric inertia matrix Ii, Ii,xx, Ii,yy, Ii,zz , Ii,xy, Ii,yz and Ii,xz . This
inertia matrix is defined with respect to a link attached frame located at the center of mass of
the link.

• Six cross terms of the link center of mass positions. These originate from the ȯoci × (miö
o
ci)

term in (5.4). These six parameters are c2ixmi, c2iymi, c2izmi, cixciymi, ciycizmi and cixcizmi.

The standard parameter set thus contains 16 elements for each link. TUlip has 6 links in each leg,
which means that the total number of links of the legs and torso is 13. The ZMP is derived with
respect to a base frame located below the foot on which the robot is standing. This means that
there are two different models, one with the base frame below the right foot and one below the
left foot. The dynamic parameters of the stance foot are not present in the equations because the
stance foot is not moving. The ciz parameter of the stance foot is also not present as this foot is
on the ground and this parameter is thus perpendicular to the ground. This makes that parameter
unidentifiable from CoP data. Therefore the standard parameters of the stance foot only consists
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of the first three elements of the static standard parameters. The base frame is thus always parallel
to the link attached frame of the stance foot. Therefore the joint axis of the ankle x-joint is always
parallel to the base frame x-axis. The ankle link thus only moves around the base frame x-axis.
The parameters Ii,yy, Ii,zz , Ii,yz , ciycizmi and c2ixmi of the stance foot ankle link have therefore also
no influence on the dynamic equations. This means that ϑs contains 190 parameters, instead of
208 which would be the case if all 16 standard parameters of all 13 links appeared in the dynamic
equations.

5.2 Derivation of the BPS

The previously mentioned algorithm [35] can be used to rewrite equations to a regressor form, and
then to determine the BPS for these equations. Some modifications were necessary to be able to
rewrite the ZMP equations to the regressor form. Because of this, and because of the complexity
of the equations, it is not possible to use the implemented method to derive the dynamic BPS.
The implemented method, described in Section 2.3.2, uses fundamental functions to determine
independent columns of the regressor matrix. It is thus important that identical functions in the
equations are recognised as identical.

Because the trigonometric functions are replaced with variables this is no longer possible. For
example, s34 is equal to c3s4 + s3c4 if they are written as their corresponding functions. The
matrixB (2.10) also becomes very large, because of the large number of functions and parameters
in the ZMP equations. This symbolic matrix is reduced to row-echelon form using a Gauss-Jordan
elimination to determine the grouping relations of the parameters. These grouping relations are
used to obtain the BPS from the standard parameter set. Because this matrix is so large it is no
longer possible to reduce this matrix to row-echelon form symbolically with the Symbolic Math
Toolbox of Matlab within reasonable computation time.

There are however different methods to determine the base parameter set from (5.11). The BPS
can also be derived with a numerical method [26] [19], see Section 2.3.3. For this, a matrix W
(2.15) is constructed, which has the same structure as the data matrix H used to estimate the
base parameters. The difference is that now a number of random joint positions, velocities and
accelerations is used as data points instead of measurement data. For each set of random values the
regressor matrix Rs (5.11) is computed. The number of base parameters is now equal to the rank
of the matrix W , which in this case is equal to 85. The grouping equations to determine the BPS
can be derived by calculating the relationship between the dependent and independent columns
of W . This can be determined using the QR decomposition of W . Using this method the BPS
is derived for both ZMP models, with the base frame respectively under the right foot and the left
foot. The base regressor form of (5.5) is then equal to:

ζ = Rb(q, q̇, q̈)ϑb, (5.12)

However because a numerical method is used to determine the BPS, the regrouping matrix contains
numerical values. These numerical values appear in the BPS instead of the symbolic parameters
which would appear in regrouping matrix BEu (2.12), if the original implemented method was
used. For more details about the used numerical method, see Section 2.3.3.
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Figure 5.1: Center of pressure compared to ZMP and CoM model three different motions

5.3 ZMP model validation with simulations

Simulations are used to validate the derived ZMP model. Existing TUlip motions are used for
this. These are forward walking, sidestepping and turning around a point. These motions are
already used on the real robot and the corresponding trajectories are thus already programmed
in the TUlipMC motion controller software, which is coupled to the Gazebo simulator [7]. Each
motion consists of single support phases, where the robot stands on one leg, and double support
phases. The ZMP model is derived using the stance foot as a base, as is the previous used CoM
model. Therefore there are two different ZMP models, one for the right foot as stand foot and one
for the left foot as stance foot. The stance foot is assumed to be fixed to the ground. The switch
between models is made halfway through the double support phase.

The CoP is compared to the ZMP and CoM position in Figure 5.1 using simulation data. All pa-
rameters are known, as simulation data is used. The CoP is computed using the force data from
simulation, using (4.1). The CoM and ZMP are computed using the corresponding models. To
compute the ZMP, (5.12) is used. The matrix Rb is a function of q, q̇ and q̈ which are obtained
from the simulation data. The base parameter vector ϑb is known as the parameter for the simula-
tion model are known. The force data and joint positions and velocities are obtained directly from
the simulation data. The joint accelerations are derived from the joint velocities, as the accelerations
are not available from the simulation data:

q̈(ti) =
q̇(ti)− q̇(ti−1)

Ts
, (5.13)

where Ts is the sampling period and ti is the time instant at sample i . The resulting acceleration
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data is processed with a low pass filter to remove high frequency noise. For this the data is pro-
cessed through a second order low pass butterworth filter in forward and reverse direction, using
the "filtfilt" procedure of Matlab. This results in a non-causal filter with zero phase change. The
filter can be non-causal as the data is processed offline. Computing (5.12) for each time step gives
the values for the moments around the base coordinate frame x- and y-axis and the total force in
z-direction. The ZMP is then equal to:

xzmp =
My

Fz
, yzmp =

Mx
Fz
. (5.14)

The data shown in Figure 5.1 are respectively for one forward step, one turning step, and one side
step. These steps are separated by a vertical dashed line. The robot is standing on its right leg for
these three steps. The shown steps are from halfway the double support phase where the stance
foot switches from left to right till halfway the double support phase where the stance foot switches
from right to left. Figure 5.1 shows that the ZMP and CoP coincide. This proves that the base
regressor matrix used to estimate the base parameters, is derived correctly, as this matrix is used to
determine the ZMP in Figure 5.1. That figure also shows that there are some spikes in the ZMP at
the start or end of a step. This is caused by spikes in the acceleration data, likely caused by impact
of the swing foot to the ground.

5.4 Dynamic parameter estimation using simulation data

The estimation of dynamic parameters is tested using the aforementioned simulating data. As done
before for the CoM estimation, a system of equations y = Hϑb is constructed, which can then be
solved with a least squares method to find an estimate for ϑb. The matrix H is now a function of
the joint angles, velocities and accelerations:

y =



ζ1
...
ζm


 , H(q, q̇, q̈) =



Rb(q, q̇1, q̈1)

...
Rb(q, q̇m, q̈m)


 , (5.15)

where m is the number of measurement samples. The joint angles are logged with a sample fre-
quency of 100 [Hz]. The regressor matrix is thus computed 100 times for each second of data.

The ground contact forces are obtained from the simulated force sensors. There are four force
sensors under each foot. From these forces the moments Mx, My and the total force Fz can be
derived, using (5.8). The position of the force sensors can be computed as a function of time using
the joint angles and the kinematic model of TUlip, as they are fixed to the feet of TUlip. The base
parameters are estimated using simulation data from walking, sidestepping and turning around a
point. For now only the right stance foot ZMP model is estimated, using data from steps where
the robot is standing on its right foot. Data at the beginning and the end of a step is omitted from
the estimation data, as there are some spikes in the acceleration data, as can be seen in Figure 5.1.
Therefore a total of 10 percent of the step time is omitted.

5.4.1 Estimation results of the full model

First the full BPS (all 85 base parameters) and corresponding regressor matrix are used in an at-
tempt to estimate these parameters. The estimated base parameters are compared to the parameter
values as used in the simulator model. However the results of this show that none of the base pa-
rameters are estimated within a reasonable accuracy, accept for the total mass of the robot. It is not
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possible to estimate all 85 dynamic base parameters accurately. The main reason for this is that the
used motions are not persistently exciting enough. The condition number of the matrix H (5.15)
used to estimate the parameters is 244676. This is caused by the following:

• The used motions are not fast enough. The equations for the ZMP contain a static part,
which is the position of the CoM of the robot and a dynamic part. In Figure 5.1 the CoP of
the robot is plotted together with the CoM of the robot. This shows that for the used motions
the difference between the CoM position and the ZMP position is very small. All the added
dynamic base parameters therefore only have a very small influence on the measured CoP. It
is therefore not possible to estimate all dynamic parameters accurately for these motions.

• The used motion are designed with some constraints. The feet are for example always parallel
to the ground in the reference trajectories and the torso is always upright. It is possible that
some base parameters cannot be identified independently because of this.

From these results it can be concluded that the existing motions of TUlip are not fast enough to
estimate all the dynamic base parameters. The motions are not able to excite all the dynamics of
the robot enough to obtain the dynamic parameter values from the simulation data. Faster motions
are needed to also be able to estimate all the dynamic base parameters from CoP measurements. It
is however difficult to design trajectories which are both fast and stable. Maybe in the future when
a faster gait for TUlip is available this can be used for parameter estimation.

5.4.2 Estimation results of the simplified model

The full dynamic model showed that it is not possible to accurately estimate all the dynamic pa-
rameters for the used motions. Therefore the model is further simplified by eliminating a number
of parameters which are assumed to be zero. First of all, all the off diagonal terms of all inertia
matrices are assumed to be zero. Therefore for each link only the three inertia parameters corre-
sponding to the diagonal elements of the inertia matrix remain. This means that the mass of a link
is assumed to be symmetrically distributed around the link’s center of mass. Secondly the same
assumptions about the link center of mass positions are used as previously in the simplified CoM
model, see Section 4.6.1. In this simplified CoM model the leg link’s cix and ciy parameters are
assumed to be zero, thus assuming that the legs are symmetrical in x- and y-direction. The feet ciy
parameters are also neglected.

The above assumptions are all true for the TUlip simulator model. The derived BPS with the
simplified ZMP model contains 44 base parameters, compared to 85 for the full ZMP model. The
BPS for the simplified dynamic model is given in Appendix C. The base parameters are again
estimated using the same simulation data and method as used for the full dynamic model. These
estimation results are shown in Table 4.1. The first base parameter is the total mass of the humanoid
which is estimated, as expected, very accurately. Base parameters 2 till 15 are the same as estimated
using the static CoM model. However in this case these also appear in the linear mass acceleration
expressions. The parameter combinations of the link mass positions are the same as for the link
mass accelerations. These parameters are all estimated reasonably well.

There are however still problems to estimate the dynamic inertia parameters accurately. This is
because of the same problems as explained for the full dynamic model. The used motions are not
fast enough and are designed with some constraints. This means that also for the simplified model
the used motions are not persistently exciting enough. Therefore the data matrix used to estimate
the simplified BPS is not well conditioned, the condition number is 74131. Because of this there is
a strong linear relation between some columns in the regressor matrix, which makes it difficult or
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Table 5.1: Estimation results for the simplified dynamic model
BPS no. Value Estimated Difference % Unit

ϑb,1 22.640 22.677 0.037 0.2 [kg]
ϑb,2 -0.240 -0.291 -0.051 21.3 [kg ·m]
ϑb,3 0.070 0.083 0.013 18.1 [kg ·m]
ϑb,4 0.070 0.059 -0.011 -16.0 [kg ·m]
ϑb,5 -1.698 -1.693 0.005 -0.3 [kg ·m]
ϑb,6 0.016 0.017 0.001 3.1 [kg ·m]
ϑb,7 -0.016 -0.017 -0.001 6.8 [kg ·m]
ϑb,8 0.249 0.016 -0.233 -93.6 [kg ·m]
ϑb,9 0.979 1.015 0.036 3.7 [kg ·m]
ϑb,10 0.334 0.237 -0.097 -29.1 [kg ·m]
ϑb,11 0.011 0.010 0.000 -1.9 [kg ·m]
ϑb,12 0.979 0.978 -0.001 -0.1 [kg ·m]
ϑb,13 0.334 0.362 0.028 8.4 [kg ·m]
ϑb,14 0.011 0.007 -0.003 -29.5 [kg ·m]
ϑb,15 0.016 -0.073 -0.089 -557.5 [kg ·m]
ϑb,16 0.008 -0.378 -0.386 -5007.8 [kg ·m2]
ϑb,17 -0.207 -1.304 -1.096 529.1 [kg ·m2]
ϑb,18 1.000 2.468 1.468 146.8 [kg ·m2]
ϑb,19 -0.018 -0.076 -0.058 321.7 [kg ·m2]
ϑb,20 -0.041 0.080 0.121 -295.3 [kg ·m2]
ϑb,21 0.019 -0.076 -0.094 -504.8 [kg ·m2]
ϑb,22 0.003 -0.609 -0.612 -23530.8 [kg ·m2]
ϑb,23 0.002 11.578 11.576 609242.1 [kg ·m2]
ϑb,24 -0.001 -45.941 -45.940 4594020.0 [kg ·m2]
ϑb,25 -0.003 -4.223 -4.220 136135.5 [kg ·m2]
ϑb,26 -0.008 -0.110 -0.102 1225.3 [kg ·m2]
ϑb,27 0.091 0.197 0.105 115.0 [kg ·m2]
ϑb,28 0.008 1.030 1.022 12777.5 [kg ·m2]
ϑb,29 0.258 0.317 0.059 23.0 [kg ·m2]
ϑb,30 0.005 0.471 0.466 8955.8 [kg ·m2]
ϑb,31 0.003 -0.152 -0.154 -5934.6 [kg ·m2]
ϑb,32 0.002 1.051 1.050 55236.8 [kg ·m2]
ϑb,33 0.001 2.232 2.231 223120.0 [kg ·m2]
ϑb,34 -0.003 0.465 0.468 -15109.7 [kg ·m2]
ϑb,35 0.006 -1.075 -1.081 -16893.8 [kg ·m2]
ϑb,36 0.258 0.296 0.037 14.5 [kg ·m2]
ϑb,37 -0.005 0.030 0.035 -667.3 [kg ·m2]
ϑb,38 0.083 0.100 0.017 20.7 [kg ·m2]
ϑb,39 0.083 -0.333 -0.416 -498.8 [kg ·m2]
ϑb,40 0.001 -0.820 -0.821 -136833.3 [kg ·m2]
ϑb,41 0.010 1.222 1.212 12001.0 [kg ·m2]
ϑb,42 0.003 0.379 0.376 13417.9 [kg ·m2]
ϑb,43 -0.001 -0.389 -0.388 77600.0 [kg ·m2]
ϑb,44 0.001 -0.107 -0.108 -7707.1 [kg ·m2]

64



impossible to estimate these parameters independently. A measure for the linear relation between
two columns of the data matrix is the correlation between these columns, corresponding to two
base parameters. A correlation of 0 implies no linear relation, a value of -1 implies a negative linear
relation and a value of 1 implies a positive linear relation. The base parameter combinations with
the largest absolute value for the correlation (> 0.95) are shown in Table 5.2. This correlation is
computed in the same way as done for the static estimation data, using (4.12).

Table 5.2: Correlation between columns of the data matrix for estimation of the simplified
dynamic BPS

Combination Correlation
ρ16,32 0.9505
ρ18,32 0.9534
ρ17,32 0.9535
ρ33,40 0.9706
ρ33,35 0.9733
ρ16,18 0.9960
ρ16,17 0.9961
ρ42,43 0.9995
ρ17,18 0.9999

These correlation values, which are close to one, also explain the high condition number of the
used data matrix. From Table 4.1 can be concluded that it is difficult to estimate three groups of
parameters:

• The base parameters of the torso (ϑb,16, ϑb,17, ϑb,18), these correlations are all very large. The
used motions are all designed with the torso upright. The torso therefore does not rotate
around its link attached x- and y-axes. These dynamics are therefore not excited enough.

• The same problem occurs for some of the swing foot base parameters (ϑb,42 and ϑb,43). The
motions are designed such that the swing foot is always parallel to the ground. The left foot
thus barely rotates around its x- and y-axes.

• The base parameters of link 8, which is the link between the hip x- and y-axis, (ϑb,32 and
ϑb,33). This is a very small link between the two hip axis, which is almost negligible. Table 5.1
shows it is not possible to estimate the base parameters of the hip links accurately. Both for
the right hip links (ϑb,22, ϑb,23 and ϑb,24), and left hip links (ϑb,32, ϑb,33 and ϑb,34), the errors
between estimated and real parameter values are very high.

To estimate all dynamic parameters with a reasonable accuracy different motions should be used,
which are not available at the moment. These motions should be faster, and persistently excite all
dynamics of the robot. This means that all dynamics are excited independently, and thus that all
base parameters can be estimated accurately and independently. This lowers the condition number
of the data matrix, thereby increasing the accuracy of the parameter estimates.

5.5 Conclusions

A dynamic parameter estimation method using contact force measurements is derived. It seems
to be difficult to derive the regressor form and base parameters for the ZMP equations because
of the complexity of the dynamics of a 12 degree of freedom humanoid. However, it is possible
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with some modifications to the used algorithm, and by using a numerical method instead of a
symbolic method to derive the BPS. Simulations using existing TUlip motions showed that for these
motions the difference between the CoM and ZMP is small. It is therefore difficult to estimate all
dynamic parameters of the ZMP model. Therefore a simplified model is derived, where a number of
parameters are assumed to be zero. For this simplified model a number of parameters is estimated
reasonably well, using the same simulation data. However, there are also certain base parameters
with very large deviations between the estimated and real values.

The estimation results might be improved by neglecting certain parameters of the small hip and
ankle links. These links are small parts between two axes, their influence on the dynamics are there-
fore very small. The dynamic estimation can also be improved by using motions which are specially
designed for estimation. This can be done by optimizing trajectories such that the condition num-
ber of the data matrix is minimized. However, such an optimization problem is very complex. A
constraint of such an optimization problem is the stability, which is a function of the complex ZMP
equations. Using specially designed motions also means that unique estimation experiments are
needed, and that online estimation is thus not possible, for example during walking.

Another option is to group the base parameters together, which cannot be determined indepen-
dently for the used motions. These base parameter combinations correspond to columns in the
data matrix with a high linear correlation. By doing such regrouping, the resulting BPS is however
not useful for motions other than those used for the estimation. The linear relationship between
certain base parameters is caused by the used trajectories, for other motions this might not be the
case.
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Chapter 6

Conclusions and recommendations

6.1 Conclusions

The aim of this master thesis is to estimate parameters of a humanoid robot using measurements of
the center of pressure (CoP). A static estimation method is derived and tested using both simulation
and experimental data. This method showed reliable estimation results for a 3D 12 degrees of
freedom humanoid center of mass (CoM) model. A dynamic estimation method is also derived
based on the zero moment point (ZMP) model. This method is tested using simulation data, but
the results are not accurate enough, because motions which are persistently exciting enough are
not available.

6.1.1 Static estimation

The derived static estimation method is based on the CoM model of the robot. Such a model
is linear in the standard parameters and it is therefore possible to rewrite it to a regressor form
and to determine the base parameters. The 3D CoM model including all parameters consists of
27 base parameters. Of these, 25 are identifiable from CoP measurements of postures where the
robot is standing on both feet. Postures where the robot is standing on one feet are difficult to
design, partly because of the unknown parameter values. The identifiable parameter combinations
can be used to design stable trajectories for the robot. They can also be used to determine the
gravity compensation torques, used in the controller. The measurement postures need to fulfill a
number of mechanical and stability constraints. These postures are designed by first deriving a
number of random postures, taking the constraints into account. The optimization of these initial
postures increases the estimation accuracy of the base parameters. The condition number of the
matrix, which is eventually used to estimate the parameters, is lowered by roughly a factor 2 for the
optimized postures compared to the initial ones.

Testing the estimation method with simulation data shows that it is possible to estimate all 25 base
parameters accurately when the CoP and joint angles are accurately known. The measurement
postures are implemented in TUlip’s software. The CoM base parameters are estimated for TUlip
using measurements of the CoP and joint angles for the earlier designed postures. A statistical
analysis of the estimated parameter values shows that the largest uncertainty in these values exist
for parameters with a small influence on the measured CoP. There are also some parameters whose
corresponding columns in the regressor matrix have an almost linear relationship. It is not possi-
ble to estimate these parameters accurately, as the linear independence between these columns is
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smaller than the measurement inaccuracies. A simplified CoM model, where a number of param-
eters with a small influence on the CoM are omitted, is also estimated. This estimated simplified
model corresponds almost as accurate to the measured centers of pressure as the full model.

6.1.2 Dynamic estimation

The dynamic estimation method is based on the ZMP equations. These equations are very com-
plex for TUlip, as they are a function of the positions, velocities and accelerations of all 12 joints.
Therefore it takes a lot of computation time to rewrite these equations or to do computations with
them. The dynamic model is also linear in the standard inertial parameters, and therefore it is
also possible to determine the BPS and regressor form. The dynamic estimation method is tested
using simulation data from existing TUlip motions which are forward walking, side stepping and
turning around a point. To implement this estimation method on TUlip, accurate robot mounted
force sensors are needed, which are not available on TUlip. The simulations show that for the used
motions the difference between the CoM and ZMP is small, and thus that the dynamic element in
the measured CoP is small.

Simulation data of the existing motions is used to estimate the full dynamic model, containing 85
base parameters. This however showed poor estimation results. Large deviations between the esti-
mated and real model parameters are present for almost all parameters. This is caused by the small
influence of the dynamic parameters on the CoP. The dynamics are also not excited enough. This
results in a high condition number for the data matrix used to estimate the parameters. Estimation
of a simplified dynamic model, where a number of parameters were assumed to be zero, showed
better results. For a number of the 44 base parameters the estimated values are close to the expected
values. The condition number is however still too large. From the dynamic estimation results can
be concluded that the existing motions are too slow and not persistently exciting enough to also
estimate the dynamic parameters.

6.2 Recommendations

To use the CoP to estimate the parameters of a humanoid robot it is important that such a robot is
designed with accurate sensors to measure the CoP. For this it is not only necessary to measure the
forces accurately but also that the points these forces are acting on are accurately known. The CoP
of TUlip has been measured using Wii balance boards (WBBs), as the sensors mounted beneath
TUlip’s feet are not accurate enough. The WBBs are not mounted to TUlip, therefore the sensor po-
sitions vary for each experiment. The WBB positions are measured for each experiment. However,
this means that the highest measurement errors in the CoP are caused by the measurements of the
WBB position and orientations with respect to the robot, as this directly influences the measured
CoP position. The CoP measurements can therefore be improved by either improving the accuracy
of the robot placement on the WBBs, or by using robot mounted sensors. For example by mounting
the WBB sensors to the robot, or by using 6-axis force/moment sensors mounted in the ankles. For
such options a redesign of certain parts of TUlip is needed. However, for dynamic estimation robot
mounted sensors are necessary.

The accuracy of the parameter estimation can also be increased by improving the joint calibration.
The joint zero positions are determined from measurements of the calibration rack dimensions
and link dimensions. The joints calibration can therefore be improved by developing a method to
determine these dimensions more accurately. Also a number of assumptions are made to determine
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the calibration values, such as that the rack and all links are perfectly straight and that no flexibilities
are present. It would be beneficial to check these assumptions.

There are several options to improve the dynamic estimation method. The estimation will probably
improve if faster, more dynamic stable walking gaits for TUlip are available. Another option is to
adapt the estimation model to the existing motions. For example by removing parameters from the
model which have no influence on the ZMP for the used motions. Also some base parameters,
which are not independent because of the used motions, can be grouped together. This however
means that the estimated parameters are only usable for controlling the same motions as used for
estimation. This is because the simplification of the model only holds for these motions. This how-
ever facilitates an online estimation approach. Another option is to specially design motions for
dynamic parameter estimation. Optimization can be used for this to lower the condition number.
It is however difficult to design stable motions, especially when they are very dynamic, which is
necessary to accurately estimate the dynamic parameters. Designing separate estimation motions
means that separate estimation experiments are needed. This means that the parameters are es-
timated beforehand using these motions. It is therefore not possible to estimate the parameters
during the walking motions. This is therefore an offline approach to estimate the parameters.

The derivation of the dynamic base parameter set and corresponding regressor matrix showed that
the equations of motion of a bipedal humanoid robot are very complex, due to the many degrees of
freedom of such a robot. Because of this, symbolic manipulations of these equations using Matlab
are very time consuming and for some computations impossible. Therefore it is beneficial for
the analysis and control of bipedal robots if software is available to efficiently derive and manipulate
these equations of motion. Not only for parameter estimation, but also for example for model based
controllers, as some of these are also based on the equations of motion.
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Appendix A

Three link base parameter set example

In this Appendix an example is given of the CoM equations for a simple three link robot model.
The derivation of the base parameter set (BPS) is explained. This simple robot model also gives an
example of the different possibilities for the BPS, and how this affects the conditioning of the data
matrix used to estimate the base parameters. If we only consider a foot, ankle and lower leg, the
equations for the position of the projection of the center of mass on the floor are:

xCoM =
1

M
(c6xm6 −m4(l4z − c4z) sin(θ5)) ,

yCoM =
1

M
(m5(l5z − c5z) sin(θ6) +m4l5z sin(θ6) +m4(l4z − c4z) sin(θ6) cos(θ5)) .

(A.1)

Only the unknown parameters c4z , c5z , c6x, m5 and m6 and the known link lengths liz are present
in this example, the other parameters are assumed to be zero. The indices 4, 5 and 6 correspond to
the lower leg, ankle and foot link respectively, see also Figures 3.1 and 3.2. The angle θ6 is the ankle
roll angle and θ5 is the ankle pitch angle.

The equations (A.1) are rewritten in the regressor form using the Matlab implemented algorithm
[35] as used for the full TUlip CoM model. The standard parameter vector is:

ϑs =




c6xm6

c4zm4

m4

c5zm5

m5



, (A.2)

and corresponding regressor matrix is:

R0 =

[
1 sin(θ5) −l4z sin(θ5) 0 0
0 − cos(θ5) sin(θ6) l5z sin(θ6) + l4z cos(θ5) sin(θ6) sin(θ6) l5z sin(θ6)

]
. (A.3)

To derive the base parameter set it is assumed that the link lengths liz and total mass M are known
and can thus be used in the regressor matrix. This gives the following BPS:

ϑb =
1

M




c6xm6

c4zm4 + l4zm5 − l4zc5zm5
l5z

m4 +m5 − c5zm5
l5z


 . (A.4)
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The parameters c6xm6, c4zm4 and m4 are the base for the above BPS and the other parameters
are regrouped to these. The regrouping relations contain the different link lengths. The regressor
matrix corresponding to the above BPS is:

Rb =

[
1 sin(θ5) −l4z sin(θ5)
0 − cos(θ5) sin(θ6) l5z sin(θ6) + l4z cos(θ5) sin(θ6)

]
. (A.5)

These columns are equal to the columns of the original regressor matrix R0 (A.3) corresponding
to c6xm6, c4zm4 and m4 as these are the base for the BPS. From the regressor matrix (A.5) can be
seen that the second and third column are linearly dependent if l5z = 0. Column 3 is then l4z times
column 2. This is not the case, but for TUlip l5z , which is 0.013 m, is significantly smaller than
l4z , which is 0.276 m. This means that if (A.5) would be used for parameter estimation that these
columns are almost linearly dependent for all possible values of the joint angles. This makes it dif-
ficult to estimate the second and third base parameter independently, as the non-linearity between
these two columns in the regressor could be smaller than the measurement noise.

There is however another possible choice to determine the BPS, in that case ϑb for example (A.1)
is equal to:

ϑb =
1

M




c6xm6

m4(l4z − c4z)
m5(l5z − c5z) +m4l5z


 . (A.6)

In this case the base for the BPS are the parameters c6xm6, c4zm4 and c5zm5. The corresponding
regressor matrix is:

Rb =

[
1 − sin(θ5) 0
0 cos(θ5) sin(θ6) sin(θ6)

]
. (A.7)

The above regressor matrix only contains trigonometric function and no link lengths. No link
lengths appear in the regressor matrix by choosing the link CoM parameters as base for the BPS.
An advantage of using regressor matrix (A.7) instead of (A.5) is that the condition number of the
output data matrix (3.9) is much lower because (A.7) only contains trigonometric functions of the
joint angles. The element of the regressor matrix are thus always in the range [-1 1].

The choice of the base for the base parameter set depends, when the method of Section 2.3.2 is
used, on the sequence of the parameters in ϑs. This method (which is implemented in the earlier
mentioned Matlab algorithm) uses an upper triangular matrix to regroup the parameters from the
standard parameter set to the BPS (2.12). The fact that such a matrix is an upper triangular matrix
means that a parameter in ϑs can only be regrouped to parameters which appear earlier in ϑs. This
means that a standard parameter in ϑs, which is independent of the earlier parameters, becomes
the base for a new base parameter. The sequence of parameters in ϑs thus influences the resulting
BPS, which explains the difference between (A.4) and (A.6).
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Appendix B

Base parameter set CoM model

B.1 Right foot base

ϑb,1 = c0xm0/M

ϑb,2 = (c1xm1 + c2xm2) /M

ϑb,3 = c3xm3/M

ϑb,4 = c4xm4/M

ϑb,5 = (c5xm5 + c6xm6) /M

ϑb,6 = (c7xm7 + c8xm8) /M

ϑb,7 = c9xm9/M

ϑb,8 = c10xm10/M

ϑb,9 = (c11xm11 + c12xm12) /M

ϑb,10 = (c0ym0 + l0y(m7 +m8 +m9 +m10 +m11 +m12)) /M

ϑb,11 = c1ym1/M

ϑb,12 = (c2ym2 + c3ym3 + c4ym4 + c5ym5

− l3y(m0 +m1 +m2 +m3 +m7 +m8 +m9 +m10 +m11 +m12)) /M

ϑb,13 = c6ym6/M

ϑb,14 = c7ym7/M (B.1)
ϑb,15 = (c8ym8 + c9ym9 + c10ym10 + c11ym11 − l9y(m10 +m11 +m12)) /M

ϑb,16 = c12ym12/M

ϑb,17 = ((c0z + l1z)m0 + (l1z − c1z)m1 + (l1z − c7z)m7

+ (l1z − l7z)(m8 +m9 +m10 +m11 +m12)) /M

ϑb,18 = c2zm2/M

ϑb,19 = (c3zm3 − l3z(m0 +m1 +m2 +m3 +m7 +m8 +m9 +m10 +m11 +m12)) /M

ϑb,20 = (c4zm4 − l4z(m0 +m1 +m2 +m3 +m4 +m7 +m8 +m9 +m10 +m11 +m12)) /M

ϑb,21 = (c5zm5 − l5z(m0 +m1 +m2 +m3 +m4 +m5 +m7 +m8

+ m9 +m10 +m11 +m12)) /M

ϑb,22 = c8zm8/M

ϑb,23 = (c9zm9 + l9z(m10 +m11 +m12)) /M
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ϑb,24 = (c10zm10 + l10z(m11 +m12)) /M

ϑb,25 = (c11zm11 + l11zm12) /M

ϑb,26 = c12zm12/M

ϑb,27 = (c6zm6 − l6zM) /M

B.2 Left foot base

ϑb,1 = c0xm0/M

ϑb,2 = (c1xm1 + c2xm2)/M

ϑb,3 = c3xm3/M

ϑb,4 = c4xm4/M

ϑb,5 = (c5xm5 + c6xm6)/M

ϑb,6 = (c7xm7 + c8xm8)/M

ϑb,7 = c9xm9/M

ϑb,8 = c10xm10/M

ϑb,9 = (c11xm11 + c12xm12)/M

ϑb,10 = ((l0y − c0y)m0 + l0y(m1 +m2 +m3 +m4 +m5 +m6))/M

ϑb,11 = c1ym1/M

ϑb,12 = (c8ym8 + c9ym9 + c10ym10 + c11ym11

+ l9y(m0 +m1 +m2 +m3 +m7 +m8 +m9 +m10 +m11 +m12))/M

ϑb,13 = c6ym6/M

ϑb,14 = c7ym7/M (B.2)
ϑb,15 = (c2ym2 + c3ym3 + c4ym4 + c5ym5 + l3y(m4 +m5 +m6))/M

ϑb,16 = c12ym12/M

ϑb,17 = ((c0z + l7z)m0 + (l7z − c7z)m7 + (l7z − c1z)m1

+ (l7z − l1z)(m2 +m3 +m4 +m5 +m6))/M

ϑb,18 = c8zm8/M

ϑb,19 = (c9zm9 − l9z(m0 +m1 +m2 +m3 +m4 +m5 +m6 +m7 +m8 +m9))/M

ϑb,20 = (c10zm10 − l10z(m0 +m1 +m2 +m3 +m4 +m5 +m6 +m7 +m8 +m9 +m10))/M

ϑb,21 = (c11zm11 − l11z(m0 +m1 +m2 +m3 +m4 +m5 +m6 +m7 +m8

+m9 +m10 +m11))/M

ϑb,22 = c2zm2/M

ϑb,23 = (c3zm3 + l3z(m4 +m5 +m6))/M

ϑb,24 = (c4zm4 + l4z(m5 +m6))/M

ϑb,25 = (c5zm5 + l5zm6)/M

ϑb,26 = c6zm6/M

ϑb,27 = (c12zm12 − l12zM)/M
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Appendix C

Dynamic base parameter set

ϑb,1 = m0 +m1 +m2 +m3 +m4 +m5 +m6 +m7 +m8 +m9 +m10 +m11 +m12

ϑb,2 = c0xm0

ϑb,3 = c6xm6

ϑb,4 = c12xm12

ϑb,5 = c0ym0 − l0y(m1 +m2 +m3 +m4 +m5 +m6 +m0)

ϑb,6 = c3ym3 + l3y(m4 +m5 +m6)

ϑb,7 = c9ym9 − l9y(m11 +m12 +m10)

ϑb,8 = c0zm0 − c1zm1 − c7zm7 − l1z(m2 +m3 +m4 +m5 +m6)− l8z(m8 +m9

+m10 +m11 +m12)

ϑb,9 = c3zm3 + l3z(m4 +m5 +m6)

ϑb,10 = c4zm4 + l4z(m5 +m6)

ϑb,11 = c5zm5 + l5zm6

ϑb,12 = c9zm9 + l9z(m10 +m11 +m12)

ϑb,13 = c10zm10 + l10z(m11 +m12)

ϑb,14 = c11zm11 + l11zm12+

ϑb,15 = c12zm12

ϑb,16 = m0c
2
0x −

1

2
I0,xx +

1

2
I0,yy +

1

2
I0,zz

ϑb,17 = m0c
2
0y +

1

2
I0,xx −

1

2
I0,yy +

1

2
I0,zz − l20y(m0 +m1 +m2 +m3 +m4 +m5 +m6)

ϑb,18 = m0c
2
0z +m1c

2
1z +m7c

2
7z +

1

2
I0,xx + I1,xx +

1

2
I0,yy −

1

2
I0,zz + I7,xx

+ l21z(m2 +m3 +m4 +m5 +m6) + l27z(m8 +m9 +m10 +m11 +m12)

ϑb,19 = c0xc0ym0

ϑb,20 = c0xc0zm0

ϑb,21 = c0yc0zm0 − l0yl7z(m8 +m9 +m10 +m11 +m12)− l0yc7zm7

ϑb,22 = I1,yy − I1,xx + I2,yy (C.1)
ϑb,23 = I2,yy + I1,zz

ϑb,24 = I2,zz − I2,yy − I2,xx
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ϑb,25 = I3,yy − I3,xx + I3,zz

ϑb,26 = m3c
2
3y −m5c

2
5z − I2,xx − I3,xx − I4,xx + I3,yy − I5,xx + I4,yy − l23y(m4 +m5 +m6)− l25zm6

ϑb,27 = m3c
2
3y +m4c

2
4z +m5c

2
5z + I2,xx + I3,xx + I4,xx − I3,yy + I5,xx + l23y(m4 +m5 +m6)

+ l24z(m5 +m6) + l25zm6

ϑb,28 = m3c
2
3y +m5c

2
5z + I2,xx + I3,xx − I3,yy + I5,xx + I4,zz + l23y(m4 +m5 +m6) + l25zm6

ϑb,29 = m3c
2
3z + I3,yy + l23z(m4 +m5 +m6)

ϑb,30 = l3yl3z(m4 +m5 +m6) + c3yc3zm3

ϑb,31 = I7,yy − I7,xx + I8,yy

ϑb,32 = I8,yy + I7,zz

ϑb,33 = I8,xx + I8,yy − I8,zz
ϑb,34 = I9,yy − I9,xx + I9,zz

ϑb,35 = m9c
2
9y +

1

2
I11,xx −

1

2
I11,yy + I10,zz +

1

2
I11,zz + I9,xx − I8,yy − I9,yy + I8,zz

+ l29y(m10 +m11 +m12)

ϑb,36 = m9c
2
9z + I9,yy + l29z(m10 +m11 +m12)

ϑb,37 = c9yc9zm9 − l9yl9z(m11 +m12 +m10)

ϑb,38 = m10c
2
10z + I10,yy + l210z(m11 +m12)

ϑb,39 = m10c
2
10z + I10,xx − I10,zz + l210z(m11 +m12)

ϑb,40 = m11c
2
11z +

1

2
I11,xx +

1

2
I11,yy −

1

2
I11,zz + l211zm12

ϑb,41 = m12c
2
12x −

1

2
I11,xx +

1

2
I11,yy +

1

2
I11,zz + I12,zz

ϑb,42 = I12,xx − I12,yy + I12,zz

ϑb,43 = m12c
2
12z + I12,yy − I12,zz

ϑb,44 = c12xc12zm12
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Appendix D

TUlip model parameters in simulation
and TULipMC

D.1 Gazebo simulator model

Table D.1: Parameter values in simulation, link lengths, masses and center of mass positions
Link Center of mass [m] Length [m] Mass [kg]
Torso c0x = −0.02 c0y = 0.075 c0z = 0.17 l0y = 0.15 m0 = 12
Right hip 1 c1x = −0.02 c1y = 0 c1z = 0.091 l1z = 0.182 m1 = 0.8
Right hip 2 c2x = −0.03 c2y = 0 c2z = 0 m2 = 0.01
Right upper leg c3x = 0 c5y = 0 c3z = 0.16 l3z = 0.32 m3 = 2.9

l3y = 0.01
Right lower leg c4x = 0 c4y = 0 c4z = 0.138 l4z = 0.276 m4 = 0.8
Right ankle c5x = 0 c5y = 0 c5z = 0.0065 l5z = 0.013 m5 = 0.01
Right foot c6x = 0.08775 c6y = 0 c6z = 0.02 l6z = 0.04 m6 = 0.8

Left hip 1 c7x = −0.02 c7y = 0 c7z = 0.091 l7z = 0.182 m7 = 0.8
Left hip 2 c8x = −0.03 c8y = 0 c8z = 0 m8 = 0.01
Left upper leg c9x = 0 c9y = 0 c9z = 0.16 l9z = 0.32 m9 = 2.9

l9y = 0.01
Left lower leg c10x = 0 c10y = 0 c10z = 0.138 l10z = 0.276 m10 = 0.8
Left ankle c11x = 0 c11y = 0 c11z = 0.0065 l11z = 0.013 m11 = 0.01
Left foot c12x = 0.08775 c12y = 0 c12z = 0.02 l12z = 0.04 m12 = 0.8

Table D.2: Feet dimensions
Left foot lengths [m] Right foot lenghts [m]
l6a = 0.0625 l12a = 0.0625
l6o = 0.0875 l12o = 0.0875
l6t = 0.1755 l12t = 0.1755
l6h = 0.0595 l12h = 0.0595
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Table D.3: Parameter values in simulation, inertias
Link Inertia values [kg ·m2]
Torso I0,xx = 0.455591 I0,yy = 0.343455 I0,zz = 0.117961
Right hip 1 I1,xx = 3.34784× 10−5 I1,yy = 0.00159022 I1,zz = 9.37395× 10−4

Right hip 2 I2,xx = 0.001 I2,yy = 0.001 I2,zz = 0.001
Right upper leg I3,xx = 0.0245564 I3,yy = 0.0189823 I3,zz = 0.0024774
Right lower leg I4,xx = 0.00662872 I4,yy = 0.00616003 I4,zz = 1.50653× 10−4

Right ankle I5,xx = 0.001 I5,yy = 0.001 I5,zz = 0.001
Right foot I6,xx = 0.002 I6,yy = 0.00262805 I6,zz = 0.00343154

Left hip 1 I7,xx = 3.34784× 10−5 I7,yy = 0.00159022 I7,zz = 9.37395× 10−4

Left hip 2 I8,xx = 0.001 I8,yy = 0.001 I8,zz = 0.001
Left upper leg I9,xx = 0.0245564 I9,yy = 0.0189823 I9,zz = 0.0024774
Left lower leg I10,xx = 0.00662872 I10,yy = 0.00616003 I10,zz = 1.50653× 10−4

Left ankle I11,xx = 0.001 I11,yy = 0.001 I11,zz = 0.001
Left foot I12,xx = 0.002 I12,yy = 0.00262805 I12,zz = 0.00343154

D.2 TUlipMC model

Table D.4: Parameter values in TUlipMC, link lengths, masses and center of mass positions
Link Center of mass [m] Length [m] Mass [kg]
Torso c0x = 0 c0y = 0.075 c0z = 0.17 l0y = 0.15 m0 = 15
Right hip 1 c1x = 0 c1y = 0 c1z = 0.091 l1z = 0.182 m1 = 1
Right hip 2 c2x = 0 c2y = 0 c2z = 0 l2z = 0 m2 = 0
Right upper leg c3x = 0 c5y = 0 c3z = 0.16 l3z = 0.32 m3 = 3
Right lower leg c4x = 0 c4y = 0 c4z = 0.138 l4z = 0.276 m4 = 1
Right ankle c5x = 0 c5y = 0 c5z = 0.0065 l5z = 0.013 m5 = 0
Right foot c6x = 0 c6y = 0 c6z = 0.02 l6z = 0.04 m6 = 1

Left hip 1 c7x = 0 c7y = 0 c7z = 0.091 l7z = 0.182 m7 = 1
Left hip 2 c8x = 0 c8y = 0 c8z = 0 l8z = 0 m8 = 0
Left upper leg c9x = 0 c9y = 0 c9z = 0.16 l9z = 0.32 m9 = 3
Left lower leg c10x = 0 c10y = 0 c10z = 0.138 l10z = 0.276 m10 = 1
Left ankle c11x = 0 c11y = 0 c11z = 0.0065 l11z = 0.013 m11 = 0
Left foot c12x = 0 c12y = 0 c12z = 0.02 l12z = 0.04 m12 = 1

82



Appendix E

CoM model estimation results, using
the left foot as base

Table E.1: Parameter estimation results with experiment data, left foot as base
Full CoM model Simplified CoM model

BPS nr Sim. TUlipMC Estim. Standard Rel. Estim. Standard Rel.
value value value error st. err. value error st. err.
[mm] [mm] [mm] [mm] % [mm] [mm] %

ϑb,1 -10.60 0 -11.80 3.29 27.9 -11.43 3.45 30.2
ϑb,2 -0.72 0 14.78 12.93 87.5
ϑb,3 0 0 -11.53 18.29 158.5
ϑb,4 0 0 30.98 26.34 85.0
ϑb,5 3.10 0 -25.16 39.19 155.8 4.13 4.52 109.5
ϑb,6 -0.72 0 -15.84 16.14 101.9
ϑb,7 0 0 -28.58 21.17 74.1
ϑb,8 0 0 -4.11 20.26 493.2
ϑb,9 3.10 0 44.55 38.88 87.3 4.75 3.11 65.5
ϑb,10 75.00 75.00 72.58 3.36 4.6 73.19 3.59 4.9
ϑb,11 0 0 -32.70 13.47 41.2
ϑb,12 9.29 0 -248.27 85.28 34.4 11.42 2.59 22.7
ϑb,13 0 0 -16.73 106.80 638.2
ϑb,14 0 0 19.00 11.61 61.1
ϑb,15 0.71 0 43.72 105.13 240.4 -3.77 3.96 105.0
ϑb,16 0 0 240.58 85.80 35.7
ϑb,17 -193.00 -202.30 -97.08 6.21 6.4 -119.08 4.05 3.4
ϑb,18 0 0 -50.39 7.65 15.2
ϑb,19 -276.75 -278.52 -284.87 8.65 3.0 -265.95 5.64 2.1
ϑb,20 -261.25 -260.67 -261.69 6.71 2.6 -253.77 4.91 1.9
ϑb,21 -12.54 -12.52 -28.78 15.44 53.6 -86.08 9.08 10.5
ϑb,22 0 0 5.88 8.89 151.1
ϑb,23 43.25 41.48 44.25 4.76 10.8 48.12 4.26 8.8
ϑb,24 14.75 15.33 19.64 12.80 65.2 33.28 7.40 22.2
ϑb,25 0.46 0.48 -17.74 20.40 115.0 -0.67 10.52 1578.8
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Figure E.1: Error between estimated full CoM model and CoP measurements, in x- and y-
direction
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Figure E.2: Error between estimated simplified CoM model and CoP measurements, in x- and
y-direction
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Figure E.3: Error between TUlipMC CoM model and CoP measurements, in x- and y-direction
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Model Parameter Estimation of Humanoid Robots
using Static Contact Force Measurements
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Abstract— Model based controllers are widely used to control
motions of humanoid robots. In most cases these are based on
the center of mass (CoM) model of the humanoid. For this it is
important that the parameters of this model are accurately
known. In this paper we contribute a method to estimate
the base parameters of the full 3D CoM model of humanoid
robots. This method only uses measurements of the joint angles
and static contact forces for a number of postures. We also
contribute a method to determine optimal stable measurement
postures. The estimation method is verified in experiments on
humanoid robot TUlip and a statistical analysis is performed
to check the reliability of the estimated base parameters.

I. INTRODUCTION

Humanoid robotics is a rapidly emerging technology that
will become part of our daily life in the future. To this end,
humanoid robots should be capable to perform robust, ver-
satile and energy efficient motions. Control of such motions
appears to be difficult because a humanoid robot is very
complex. The nonlinear, hybrid nature of its dynamics almost
enforces the use of model based controllers. Many model
based controllers exist [1], [2], mainly controlling the center
of mass (CoM) of the biped [3], [4], [5].

Model based control inherently requires reliable knowl-
edge about the model parameters to achieve desirable per-
formance. Estimation of these model parameters from exper-
imental data has been studied intensely in the field of system
identification. Classical identification on robotic systems
deals with rigid structures attached to a fixed base [6], [7],
[8], whereas recent work shows identification of compliant,
flexible robots [9], [10], [11] and floating base systems such
as humanoid robots.

Dynamic identification of floating base systems, including
humans and humanoid robots has been addressed in [12],
[13]. It is shown that the full dynamics of a humanoid robot
can be identified without joint torque data, but with con-
tact force information. However, velocity and acceleration
information about the joints and floating base are required
and it appears difficult to find optimal persistently exciting
motions for which the robot does not fall. In [14] the same
approach is used to show that if joint torque information is
available, only partial contact force information is required.
A completely different identification is performed in [15]
where the modularity of their biped is used to separately
estimate model parameters of many different components,
such as actuators, compliant drive trains and leg parts.

Besides identification of the full robot model, it is also
interesting for humanoid robots to estimate the CoM model,
because, as mentioned before, many control strategies focus
on control of the CoM. Moreover, the equations that describe
the CoM position are significantly simpler than the equations
of motion of the full robot model. By definition, the CoM
position does not rely on velocities or accelerations, which
are often impossible to measure and estimates may be noisy
or delayed. For the same reason, no information about joint
torques, actuator dynamics nor friction characteristics is
required to identify the CoM position.

That is why early work estimated the CoM position
of humans by taking the double integral of the ground
reaction forces [16]. The problem with this method is that
the integrals require unknown initial conditions. Another
approach identifies a relation between the frequency response
of the CoM and center of pressure (CoP), but this only
works for periodic motions [17]. Finally, in [18], [19] the
ground reaction forces are used in static experiments to
estimate the CoM position of humans and humanoid robots.
However, only a simple low dimensional planar model is
used in multiple directions to estimate the parameters in 3D,
neglecting coupling between these directions.

Therefore in this paper we use traditional system iden-
tification techniques to find the base parameters of the
CoM model of a full 3D humanoid robot. We contribute
a method to statically estimate these parameters using CoP
measurements. This method is similar to [18], [19], but it
takes into account coupling between the three directions of
the 3D model and it only relies on the contact forces and
joint angles; no velocity or acceleration information and no
joint torques, actuator model or friction characteristics are
required. Moreover, we contribute an algorithm to generate
optimal stable static postures that guarantee persistently
exciteness of the measured data, necessary for reliable system
identification [7], [9], but lacking in the mentioned literature.
Finally, we apply these algorithms to adult-sized humanoid
robot TUlip and perform statistical analysis on the estimated
base parameters to check their reliability. Such analysis is
missing in the mentioned literature, but we believe it is very
important in order to gain trust in the identified parameters.

This paper is organized as follows. Section II describes the
humanoid robot TUlip, Section III explains the identification
algorithm and Section V gives static identification results on
experimental data and a statistical analysis.
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II. HUMANOID ROBOT TULIP

A. Hardware

TUlip is a 125 [cm] tall, 23 [kg] heavy, fully autonomous,
anthropomorphic adult-size humanoid robot [20]. Depicted in
Fig. 1(a), TUlip has a head, a torso, two arms and two legs.
The legs both have six degrees of freedom: three revolute
joints are placed in each hip, one in each knee and two
in both ankles. The joints are actuated by 90 [W] and 60
[W] DC motors. On each motor an incremental encoder is
placed to measure the motor axis angle. The actuators drive
the joints through gearboxes with ratios of 66 and 111. On
each joint axis an incremental encoder is placed to measure
the joint angle, which may differ from the motor angle due
to flexibilities, friction or backlash in the drive train. The
number of links in each leg is six, which, including the torso,
brings the total number of links to thirteen as the arms and
head are neglected because of the small masses involved.

B. Center of Mass Model

TUlip can be seen as a serial kinematic chain with the
stand foot as base and the swing foot as end-effector, see
Fig. 1(b). For this type of robots the transformation matrices
can easily be derived [21]. The position and orientation of
the links of the robot are defined with respect to the base
coordinate frame which is located below the ankle of the
stance foot. The equations for the position of the total center
of mass (CoM) of the robot are:

pCoM (q) = [xCoM yCoM zCoM ]> =
1

M

n∑

i=1

mio
o
ci, (1)

where M is the total mass of the robot, q are the joint angles,
mi is the mass of link i = 1, . . . , n, with n the total number
of links and ooci is the position of the center of mass of each
link i with respect to the base frame:

ooci = o
o
i + T

o
i o

i
ci, (2)

with ooi and T o
i the position vector and rotation matrix of

link i with respect to the base frame and oici the position of
the center of mass of link i with respect to frame i:

oici = [cix ciy ciz]
>, (3)

where cix, ciy and ciz are the positions of the link center of
mass with respect to the link frame in x-, y- and z-direction,
as shown in Fig. 1(c).

III. IDENTIFICATION ALGORITHM

The ground projection of the CoM coincides with the
center of pressure (CoP) in the static case, so the idea of the
identification algorithm is to measure the CoP for different
static postures and fit this data to the CoM model [18], [19].

The CoM model (1) is linear in the model parameters, so
it can be rewritten in the so called regressor form, which is
very suitable for parameter estimation:

pCoM = R0(q)ϑ0, (4)
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(b) Drawing of kinematics
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Fig. 1. Humanoid robot TUlip

where R0 is the regressor matrix and ϑ0 = [ϑ1 · · · ϑn]
>

is a vector of 4n standard parameters with:

ϑi = [mi cixmi ciymi cizmi]. (5)

The regressor form as written in (4) with (5) may have
linearly dependent columns, which means R0 is not of full
column rank so that solving (4) in a least squares sense is
impossible. Hence, the standard regressor form (4) should be
transformed to the so called base parameter form:

pCoM = Rb(q)ϑb. (6)

where ϑb is the base parameter set (BPS) and Rb is the
base regressor matrix, which is of full column rank, i.e. all
columns are linearly independent.

Rewriting (4) to (6) can be difficult especially when the
equations are very large, as is the case for a humanoid robot
with twelve joints. However, in a previous work [11] we
have developed an automatic algorithm based on [22] to
accomplish this task. It must be noted that the BPS is not
unique, parameters may be rearranged to improve the final
identification results. For example, the link lengths, which we
assume to be known, can be put in the regressor matrix as
well as the parameter vector. If put in the parameter vector,
the regressor matrix only consists of trigonometric terms, so
that it is better conditioned and the BPS can be solved easier.

For TUlip, the BPS consists of 27 parameters. This
includes parameters in the unmeasurable z-direction of the
CoM, but it appears that all of these parameters also appear
in the x- and y-direction, except for the vertical position of
the center of mass of the feet. But these positions are anyway
unidentifiable since both feet of the robot are on the ground
and their coordinate frames horizontally align with the base
frame. The identifiable BPS thus consists of 25 parameters.

One static CoP measurement corresponds to two equations
(xCoM and yCoM ). There are 25 base parameters which
can be derived from these equations, which means that a
minimum of 13 measurements are required to solve (6) for
ϑb. These measurements are collected in:

y =H(q)ϑb, (7)
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with

y =
[
ζ1 · · · ζm

]>
and H =

[
Rb(q1)

> · · · Rb(qm)>
]>
,

where ζj = [xCoM,j yCoM,j ] and qj are the joint angles,
with j = 1, . . . ,m where m is the number of measurements.

System (7) contains the base regressor form for all data
points. An exact solution of (7) exists if rank(H) =
rank(Hy), but this is never the case because of noise,
measurement errors and model inaccuracies. To average out
these effects, H should contain as many measurements as
possible. The solution of (7) is thus at best a fit, for example
in least squares sense by minimizing ||Hϑb−y||. The BPS
ensures that H has full column rank which means that there
is a global minimum for ||Hϑb − y||, given by:

ϑ̂b = (H>H)−1H>y. (8)

This equation indicates that conditioning of H is important,
which means that for reliable results, suitable postures need
to be selected that minimize the condition number of H .

IV. STATIC POSTURE SELECTION

In the previous section we have seen that suitable postures
are important for reliable identification results. This is espe-
cially important for 3D models as these contain significantly
more parameters than planar models. In this section we
explain the procedure to find suitable postures.

All robot postures have to satisfy the following constraints:
1) All joint angles qj of all postures must lie within their

lower ql and upper qu mechanical limits.
2) The robot must be stable, which means that the CoP

should lie within the support polygon spanned by the
feet. The support polygon is the area formed by a
convex hull of the floor contact points as shown in
Fig. 2. The support polygon can be computed using
the kinematic model of TUlip and its foot dimensions,
however, the CoM model parameters must be known.
This sound contradictory, as we are trying to identify
these parameters. Therefore in the posture selection
procedure estimates are required for these parameters
from e.g. CAD drawings. To cope with the errors in
these parameters, a margin between the CoP and the
support polygon is required. This margin is anyway
advisable, since there are always errors in the joint
controllers so that the desired posture is never exactly
reached. Fig. 2 shows the stability margin ds.

3) Both feet must be on the ground and they may not
touch each other, so the two foot polygons, formed by
the four corner points of each foot, may not intersect.

4) For the sake of convenience during the experiments,
the relative position of the feet must remain the same
for a number of postures. Moving the feet relative to
each other means that the robot must be lifted. To
decrease the experiment time, the robot moves from
one posture to another with both feet on the ground.

Each static posture can be defined either in the joint space
where every joint angle is specified or in the task space where

ds

ds

Support polygon

df

Fig. 2. Robot feet, support poly-
gon and stability margin

TABLE I
OPTIMAL CONDITION NUMBERS

run Initial Optimal
1 647.4 337.5
2 732.1 405.1
3 925.8 352.6
4 714.1 314.7
5 733.6 406.9
6 689.1 394.4

the position and orientation of the end effectors are specified.
Both methods have merits and limitations. By defining the
postures in joint space, the joint limits are automatically
satisfied, however, stability is not necessarily guaranteed. The
opposite holds for defining the postures in task space. Either
way, an optimization procedure is required, since analytical
solutions cannot be found. We tried both ways and found
that the optimization algorithm converges faster when the
postures are defined in task space. We specify as design
variables the CoM position pCoM , torso orientation φT and
swing foot position ps and orientation φs. These variables
constitute 9 degrees of freedom per posture, since both feet
are constrained on the ground. The task space coordinates
are mapped to the joint space using an inverse kinematics
algorithm based on differential kinematics [23].

Initial values which are feasible within the constraints for
the iterative optimization algorithm can be found as follows:

1) Choose a random position (ps) and orientation (φs) of
the swing foot within predefined ranges.

2) Check if the polygons which define the circumference
of the feet do not intersect. If they do, go to step 1.

3) Choose a random CoM position (pCoM ) within the
area which is a distance ds from the support polygon
as shown in Fig. 2. Also choose a random CoM height
and torso orientation within a predefined range.

4) Solve the inverse kinematics and check if the config-
uration is feasible within the joint limits. If not, go to
step 1 if no possible postures were found earlier for
this foot placement or redo step 3 otherwise.

5) Store the feasible posture. If more postures with the
same foot placement are desired, go to step 3, other-
wise go to step 1 to find another foot placement, or
stop if enough random postures are obtained.

Optimal postures correspond to a minimum in the condi-
tion number κ of the output data matrix H , such that we
can formulate a nonlinear constrained optimization problem:

arg min(κ(H(χ))),

s.t. qj ≥ ql, qj ≤ qu, de,j ≥ ds and df,j ≥ 0,
(9)

where de is the distance from the CoP to the edge of the
support polygon, df is the smallest distance between the feet
(see Fig. 2) and χ are the design variables:

χ =
[
p>CoM,1 · · · p>CoM,m φ>T,1 · · · φ>T,m

p>s,1 · · · p>s,m φ>s,1 · · ·φ>s,m
]>
. (10)
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Fig. 3. Examples of optimal identification postures on TUlip

For the identification experiment, we compute sets of 50
feasible initial values, where we choose ten different foot
positions with, per foot position, five different CoM positions
and torso orientations. These initial values are optimized
using the interior point algorithm as implemented in the
Matlab Optimization Toolbox. The optimized postures may
only be optimal locally, so we repeated the optimization six
times for different initial values. The initial and optimized
condition number for each trial are presented in Table I. As
can be seen from this table the minimums vary depending
on the initial values. We choose the three sets of postures
with the lowest condition number for the experiments.

V. STATIC IDENTIFICATION RESULTS
In this section we first explain the measurement procedure

and identification results, after which we validate and analyze
the estimated parameters statistically.

A. Measurement Procedure

The CoP can be determined by measuring the forces
between the feet and the ground. We use Wii balance boards
(WBB) to measure these forces. A WBB is a 50 cm by 30
cm board, originally designed by Nintendo. These boards are
equipped with a force sensor on each corner, which means
that it is possible to determine the CoP of the object that is
put on the board. A WBB is an inexpensive measurement
device. Because of the size of these balance boards, we
place a WBB under each foot of TUlip. The joint angles
are measured using the incremental joint encoders.

Now, the measurement procedure is as follows. First, the
robot is lifted and brought to the first posture, such that the
WBBs can be placed in a suitable position. The robot is
put with his right foot on a marked fixed point (e.g. in a
corner) on a WBB and the other WBB is positioned under
its left foot. Then the relative position between the WBBs
is measured; it is important that the WBBs are accurately
placed in the same orientation. The position of the left foot
of the robot is known through the joint encoders, so that the
positions of the WBBs with respect to the robot’s feet can be
computed, and hence, the position of the CoP with respect
to the robot is known.

The robot keeps the same foot positions for five different
postures so that it can stay on the WBB without being lifted.

The robot moves automatically between postures and may
be supported during this movement to guarantee its stability.
The robot stays in each posture for 60 seconds so that any
initial motion has damped out. After five postures, the robot
is lifted and its foot positions are changed, so that the WBBs
need to be repositioned.

A total of m = 108 postures appeared to be stable and
feasible on the real robot. Some postures fail because of
tracking errors in the joint controllers, which unbalance the
robot. A few postures have been measured twice to check
the measurement consistency, which appears reliable. An
example of four postures can be seen in Fig. 3. For every
posture, the average joint angles for the final 30 seconds are
used in the regressor matrix as one data point. The first 30
seconds are omitted to guarantee that the posture is really
static. With all these regressor matrices a 216 by 25 output
data matrix H is constructed, since every measurement
consists of the CoP position in two directions and the model
contains 25 base parameters. Also the contact forces are
averaged per posture for the last 30 seconds so that the CoP
can be computed via:

pCoP =
1

Fs

s∑

i=1

Fs,ips,i, (11)

where Fs =Mg is the total normal force, ps,i is the position
of sensor i with respect to the base coordinate frame and
Fs,i is the force at sensor i. The number of sensors is equal
to s = 8, as each WBB has four force sensors. With the
CoP positions pCoP for each posture, the output data y is
constructed in (7). Now, a least squares estimate of the BPS
ϑ̂b can be found using (8). The obtained BPS estimates for
a full CoM model of TUlip are given in Table II.

B. Validation, Statistical Analysis and Discussion

To validate these results we compute the error between
the measured and estimated CoP using the measured joint
angles and estimated BPS:

e = y − ŷ = y −Hϑ̂b. (12)

The norm of this error per posture is shown in Fig. 4. Overall,
this figure shows good results, which means that we can
estimate the CoM position accurately. The mean, standard
deviation and maximum error for the full 3D CoM model
are 4.2 [mm], 3.6 [mm] and 10.7 [mm] respectively, which
is similar as with the planar decoupled models of [18], [19].

In contrast to [18], [19], we are not only interested in the
results of the total CoM position, but also in the reliability
of the individual base parameters. Thus, Table II also gives
as precision measure the relative standard error [9], [24] of
the jth base parameter estimate ϑ̂b,j :

se(ϑ̂b,j)rel = 100 ·
√
σ̂2Cjj

|ϑ̂b,j |
, (13)

where Cjj is diagonal element j of C = (H>H)−1 and:

σ̂2 =
||e||2
r − p , (14)
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TABLE II
PARAMETER ESTIMATION WITH EXPERIMENTAL DATA

Full Model Simplified Model
BPS Estimated Rel.std. Estimated Rel.std.

nr. [mm] err. [%] [mm] err. [%]
ϑb,1 -10.96 13.0 -11.72 11.2
ϑb,2 -2.34 245.7
ϑb,3 4.83 170.6
ϑb,4 1.55 765.8
ϑb,5 -5.87 297.2 -1.34 129.4
ϑb,6 -14.07 47.3
ϑb,7 -30.91 26.9
ϑb,8 -3.28 243.5
ϑb,9 51.35 30.2 3.60 32.9
ϑb,10 76.39 1.9 77.41 1.8
ϑb,11 -8.80 67.2
ϑb,12 44.15 104.6 -11.99 12.7
ϑb,13 -46.83 99.2
ϑb,14 3.68 137.2
ϑb,15 -32.62 88.1 -3.02 32.8
ϑb,16 26.54 110.0
ϑb,17 130.33 2.2 135.69 1.2
ϑb,18 -5.78 65.7
ϑb,19 -270.08 0.8 -271.53 0.6
ϑb,20 -255.75 2.2 -256.39 1.1
ϑb,21 -36.09 23.9 -35.78 11.3
ϑb,22 0.68 501.3
ϑb,23 39.34 9.1 48.15 4.5
ϑb,24 16.45 16.5 16.83 11.2
ϑb,25 -10.77 60.2 -10.51 31.2

where r = 2m is the number of data points and p is the
number of base parameters. A practical consideration is given
in [9] about the relative standard errors. A parameter is
considered well identified if its relative standard error is less
than 15. If this is not the case then the parameter either has
no significant effect on the model or it is not excited enough
by the experimental data.

The results in Table II show that approximately one third
of the parameters is estimated reasonably well. Fortunately,
these parameters also constitute the ones with the most
influence on the CoM position since their absolute values are
the highest. All parameters have unit [m] and the regressor
only constitutes of trigonometric functions which lie in the
interval [-1,1]. So the influence of each base parameter on
the CoM position is directly coupled with its absolute value.
Unfortunately, the reliability of smaller parameters, although
less interesting, is in some cases relatively low.

This can partly be explained by the small influence on the
CoM model, but another reason is given in [9]. As a rule
of thumb, the number of data points must be at least 500
times the number of parameters. With 25 base parameters,
this is not practical in the current setup. A third reason may
be that the optimized postures are still too similar, due to
the small constrained optimization space. This would result
in (almost) linearly dependent columns in the regressor. The
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Fig. 4. Validation of identified parameters. Norm of estimation error (12)
per posture, i.e. shortest distance between measured and estimated CoP.

correlation between columns i and j is [24]:

ρij =
Cij√
CiiCjj

, (15)

so that ρij = 0 means that parameters i and j are independent
and ρij = 1 or ρij = −1 means respectively a positive or
negative linear relation.

The base parameters with the highest correlation are ϑ12
with ϑ13 and ϑ15 with ϑ16 (ρ12,13 = −0.9928 and ρ15,16 =
−0.9882) which explains their large relative standard er-
rors in Table II. The base parameter ϑ12 contains the y-
position of the right hip, upper leg, lower leg and ankle
mass, whereas ϑ13 is the y-position of the right foot mass.
The only difference in the corresponding columns of the
regressor matrix between these parameters is a multiplica-
tion with cos(θ6), which is the right ankle roll joint. This
joint has a small range (θ6 ∈ [−20, 17] degrees), so that
cos(θ6) ≈ 1 for all possible postures, which explains the
strong linear relationship between these two base parameters.
The left ankle roll is similar which explains the correlation
between parameters ϑ15 and ϑ16. These base parameters are
separately identifiable in theory, but the difference in the
corresponding columns in the regressor matrix is too small
to estimate these base parameters independently in practice.
All other correlations are smaller than 0.85.

There also seems to be a problem, although to a lesser
degree with all x-positions of the masses of a leg. The base
parameters ϑ2 till ϑ5 for the right leg and ϑ6 till ϑ9 for the
left leg show large relative standard errors. The difficulty of
estimation in these parameters is probably caused by the fact
that the leg limbs on the robot are almost symmetrical in x-
and y-direction, so the corresponding cix and ciy parameters
are probably very small.

Possible ways to improve the estimation results include:
• Increase the accuracy of the CoP measurements, which

lowers (14).
• Increase the number of postures m, which lowers (14).
• Improve optimized postures to lower the condition

number of the matrix H , which also lowers Cjj .
For the first option more accurate measuring instruments are
required such as professional force plates or 6 axis force
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sensors mounted in the ankle of the robot, which we do
not have available. Increasing the number of measurements
is very time consuming. A better option would be to use a
dynamic parameter estimation which results in more data.
However, it is difficult to find optimal persistently exciting
motions for which the robot does not fall. Improving the
static postures to decrease the condition number of H is
difficult because of the joint limits and stability constraints.
An option is to also include single support postures, although
it is difficult to balance the robot on one foot.

Finally, another possible improvement is a simpler model.
We derived a simplified model by taking into account sym-
metry in the robot links, and we use the same experimental
data to estimate the following parameters:
• All mass values mi.
• The 3D torso mass position, as it has the largest mass.
• The mass positions of the leg limbs only in z-direction,

assuming symmetric legs in x and y.
• The feet mass positions in x- and z-direction, as the

center of mass of a foot is in front of the ankle.
The estimates and relative standard errors (13) for this
simplified model are also shown in Table II. We can see that
for most parameters, the relative standard errors decrease,
which indicates that this model is more reliable. The norm
of the errors (12) are shown in Fig. 4. As can be seen,
the simplified model gives similar results as the full model.
The mean, standard deviation and maximal error are 4.5
[mm], 3.7 [mm] and 12.9 [mm] respectively. The maximal
correlation (15) is 0.75 for the simplified model.

The advantage of the simplified model is that the CoM
position can almost be computed as accurate as with the
full model, without the problems that some base parameters
cannot be estimated independently. A disadvantage is that
the assumption is made beforehand that some parameters
are zero, which cannot be confirmed by measurements.

VI. CONCLUSIONS
In this paper we contribute a method to estimate the

parameters of the center of mass (CoM) model of a full
3D humanoid robot. This method derives the base parameter
set (BPS) and writes the model in the regressor form. It
uses solely joint angles and contact force measurements for
a number of static postures to identify the base parameters
of the full 3D CoM model.

The static postures are determined by randomly selecting
a number of initial postures which satisfy joint limit and
stability constraints. These postures are optimized to find the
minimal condition number of the data matrix used to estimate
the BPS, which improves the accuracy of the estimated BPS.

We used the identification method on experimental data
to estimate the model parameters of the humanoid robot
TUlip. A statistical analysis is performed on the results,
which shows that the estimation results look very reliable
for the most important parameters, but some relatively small
parameters appear difficult to estimate accurately. A sim-
plified version of the full CoM model, taking into account
symmetry in the robot links, gives similar results.
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