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Introduction 

This report is the result of the author‟s participation in the project TUlip for the Teen-Size 

Humanoid League of the RoboCup 2009, Graz, Austria as a member of the modeling group of 

Dutch Robotics at TU/e (Team EINDroid) in the Blocks B-F of the academic year 2008-‟09. 

“Open Space Project” is referring to the fact that the author obtains 9 ECTS as a part of his 

curriculum.  

The report consists of the two parts, and the latter can be considered as the main part. First, 

some small tasks assigned and completed in the Blocks B-D are presented; those are the 

algorithms of TUlip as a goalkeeper and the effects of the motor inertia through the gearbox. 

Second, we discuss the 2-dimensional model of the 4-link biped robot in order to demonstrate 

the effect of Coulomb friction in the MATLAB
®
 simulation. We use the time-stepping method 

for the numerical integration of the equations of motion of the robotic system with unilateral 

constraints. 
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I. Some Tasks in the Modeling Group 

i. Global Trajectory of TUlip as a Goalkeeper 

As TUlip will participate in the teen-size humanoid league, one of the tasks is to be a goalkeeper 

during the dribble and kick competition. Therefore, we need a certain strategy to protect the goal, 

and it means that we need some algorithms which define the global trajectory, or the position of 

TUlip in the fields, as a function of the ball position that the opponent dribbles and shoots. 

Since we model, simulate, and demonstrate the global trajectory, using MATLAB
®
, the first step of 

the job is to make a function that plots the 3-dimensional fields. Field.m generates the fields for the 

teen-size humanoid league of RoboCup 2009, Graz, Austria. The plot generated by the function is 

shown in Figure 1, and the source code is shown in the appendix section on the page 20. The sizes 

of the fields and the goals are completely consistent with the regulations of RoboCup 2009 [1], and 

the origin is located at the center of the goal line of the blue goal rather than the center of the fields 

because we model the goalkeeper, whose default position is obviously at the center of the goal. 

 

 

Figure 1: Humanoid Soccer Fields with Teen-size Goals 

 

Now, we define the global trajectory. Obviously, the goalkeeper should be at the center of the goal 

when the ball is located at the penalty spot. If the opponent dribbles to one side, the goalkeeper 

should follow and make a step to the side. 

We define this argument mathematically in the following way. Let the position of the ball be the 
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point A, the goalposts be the points B and C, and the position of the goalkeeper be the point D as 

shown in Figure 2. The position of the point A is the input, which is determined by how the 

opponent dribbles, and we define the position of the point D such that ∠𝐵𝐴𝐷 equals ∠𝐶𝐴𝐷. And 

then, the position of the point D can be determined by applying the angle bisector theorem [2] from 

middle school mathematics, and we obtain the relationship in the ratios of the lines, BD:DC = 

AB:AC.  

So, the basic algorithms to locate the goalkeeper are fairly simple. Now, suppose the point A is very 

close to the point C, and then the distance between C and D can be less than the distance that TUlip 

can travel by one step. As it is very unusual for a goalkeeper to be very close to one of the goalposts, 

we need to saturate the minimum distance between the goalkeeper and the goalposts; we actually 

saturate the maximum displacement of the goalkeeper from the origin in the algorithms. 

Goalkeeper_position.m is the resulting MATLAB
®
 function that defines the position of the 

goalkeeper as a function of the ball position; it is also shown in the appendix section on the page 21. 

 

Figure 2: Triangles defined by the positions of the ball, the goalposts, and the goalkeeper 
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ii. Implementing the DC Motor and the Gearbox 

 

Figure 3: Schematic of the Motor-Load relationship [3] 

Another task in the modeling group is implementing the motor inertia to the existing 3-dimensional 

model of TUlip by Pieter van Zutven, taking account of the gearbox ratio, n as shown in Figure 3. 

He uses the event-driven integration method [6] for the 3-dimensional model with the normal 

contact law, numerically integrating the equations of motion by ode45 in his old version in 

December 2008 and by ode15s in his latest version in June 2009. We note that his 3-dimensional 

model does not take account of Coulomb friction. 

As discussed in the lecture by Prof. Jonker [3], we obtain the angular acceleration of the load side 

in terms of the gearbox ratio: 

𝜃 𝑙𝑜𝑎𝑑 =
𝑇𝑚𝑎𝑥 𝑛

𝐽𝑙𝑜𝑎𝑑 + 𝐽𝑚𝑜𝑡𝑜𝑟 𝑛2
 

   where 𝑇𝑚𝑎𝑥  is the applied torque and J are the inertias. 

Similarly, we can also take account of the friction term, 𝐵𝑚𝑜𝑡𝑜𝑟 𝑛
2𝜃 𝑙𝑜𝑎𝑑 . 

Although, the basic concept is rather simple, it was not easy to actually implement the additional 

terms to the old version of the MATLAB
®
 codes of Pieter van Zutven due to the structure of the 

codes. However, in his latest version of the codes, we can clearly recognize that the inertia terms, 

𝐽𝑚𝑜𝑡𝑜𝑟 𝑛
2  are present in his inertia matrix, M. Similarly, the friction terms, 𝐵𝑚𝑜𝑡𝑜𝑟 𝑛

2𝜃 𝑙𝑜𝑎𝑑  are 

present in the matrix 𝐻(𝑞,𝑞 ), where he now uses the standard equations of motion given in the 

lecture [4]: 𝑞 = 𝑀−1  𝑆𝜏 − 𝐻(𝑞, 𝑞 ) + 𝑊𝜆 . 
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II. The 2-dimensional Model of the 4-Link Biped Robot with Coulomb Friction  

i. Abstract 

In this section, we model a walking 4-link biped robot in 2-dimension in order to demonstrate the 

effect of Coulomb friction by MATLAB
®
 simulation. The 4-link biped robot is defined as 5 point 

masses, 𝑚𝑖  connected by 4 links, 𝑙𝑖  as depicted in Figure 4. We derive the equations of motion by 

applying the Euler-Lagrange equations and take account of the unilateral constraint of the slope by 

employing the Poisson‟s set-valued force law for impact with restitution in terms of normal cone 

and proximal point formulations [9]. We apply a set-valued Coulomb friction law [6] so that we can 

simulate the walking robot in different values of the friction coefficient, which is the main purpose 

of this project. And then, we numerically integrate the equations of motion on the level of momenta 

by writing a user-defined function whose algorithm is based on Moreau‟s time-stepping method 

with an augmented Lagrangian approach [7]. 

 

Figure 4: Schematic of the 4-link Biped Robot 

 

ii. Derivation of the Equations of Motion 

We use the symbolic math toolbox of MATLAB
®

 for the actual symbolic computations for the 

derivation of the equations of motion. Derive_EoM_4DoF_Model.m is the script for the derivation, 

and it is shown in the appendix section on the page 23. We apply the standard Euler-Lagrange 

equations [4] and the unilateral constraint equations given in the chapter 5 of the textbook [6]. 

As depicted in Figure 4, the inertial frame is attached to the slope, and we define the displacement 

of 𝑚1  as 𝑟 1 = 𝑥𝑒 1
0 + 𝑧𝑒 2

0 . Let the generalized coordinates be 𝒒 =  𝑥 𝑧 𝜃1 𝜃2 𝜃3 𝜃4 
𝑇 . 

Naturally, the time derivatives of 𝒒 is the generalized velocities, and we denote it 𝒒  and also 𝒖 for 

brevity; they can be noted interchangeably.  

𝑚1 

𝑚2 𝑟 1 =  𝑥 𝑧 𝑒 0 

𝑚3 

𝑚4 

𝑚5 
−𝛼 

−𝜃4 

𝜃3 

𝜃2 

−𝜃1 

𝑙4 

𝑙3 

𝑙2 

𝑙1 

𝑒 1
0 

𝑒 2
0 

 𝑂 
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We define the direction cosine matrices in terms of each joint, 𝜃𝑖 . We use relative coordinates and 

simply do the coordinate transformations to obtain 𝑟 𝑖 , the displacement of 𝑚𝑖 , in the inertial frame. 

Once we obtain 𝑟 𝑖 , the corresponding velocity is 𝑟  𝑖 =
𝜕𝑟 𝑖

𝜕𝒒
𝒒 . 

Considering each point mass is a contact point, we define the column of all normal contact 

distances, 𝒈𝑁 as following: 

𝒈𝑁 =  𝑟 1 ∙ 𝑒 2
0, 𝑟 2 ∙ 𝑒 2

0, 𝑟 3 ∙ 𝑒 2
0, 𝑟 4 ∙ 𝑒 2

0, 𝑟 5 ∙ 𝑒 2
0 𝑇 

Similarly, we define the column of all relative sliding velocities, 𝜸𝑇  as following:  

𝜸𝑇 =  𝑟  1 ∙ 𝑒 1
0, 𝑟  2 ∙ 𝑒 1

0, 𝑟  3 ∙ 𝑒 1
0, 𝑟  4 ∙ 𝑒 1

0, 𝑟  5 ∙ 𝑒 1
0 
𝑇
 

Now, we are ready to derive the equations of motion in the following form: 

𝑴 𝒒, 𝑡 𝒖 − 𝑯 𝒒,𝒖, 𝑡 = 𝑾𝑇(𝒒, 𝑡)𝝀𝑇 + 𝑾𝑁(𝒒, 𝑡)𝝀𝑁 

   where 𝒖 = 𝒒 , 𝑴 𝒒, 𝑡  is a 6 by 6 symmetric positive definite mass-matrix, 

   and 𝑯 𝒒,𝒖, 𝑡  is a column of all generalized forces. 

𝑾𝑇(𝒒, 𝑡)  and 𝑾𝑁(𝒒, 𝑡)  are 6 by 5 matrices containing the generalized force directions of the 

tangential and normal contact forces, respectively. 𝝀𝑇  and 𝝀𝑁  are the columns of all friction forces 

and all normal contact forces, respectively. 𝝀𝑇  and 𝝀𝑁  can be interpreted as the Lagrangian 

multipliers, and we will discuss how to compute them in the next section. We obtain ℒ , the 

Lagrangian: 

ℒ = 𝑇 − 𝑉 where 𝑇 =  
1

2

5
𝑖=1 𝑚𝑖𝑟  𝑖 ∙ 𝑟  𝑖  and 𝑉 = − 𝑚𝑖𝑔 ∙ 𝑟 𝑖

5
𝑖=1 . 

And then, we attain 𝑴 𝒒, 𝑡  and 𝑯 𝒒,𝒖, 𝑡  since: 

𝑴 𝒒, 𝑡 𝒖 − 𝑯 𝒒,𝒖, 𝑡 =
𝑑

𝑑𝑡
 
𝜕ℒ

𝜕𝒒 
 −

𝜕ℒ

𝜕𝒒
     

⇒   𝑴 𝒒, 𝑡 =
𝜕

𝜕𝒒 
 
𝑑

𝑑𝑡
 
𝜕ℒ

𝜕𝒒 
 −

𝜕ℒ

𝜕𝒒
  and 𝑯 𝒒,𝒖, 𝑡 =  𝑴 𝒒, 𝑡 𝒒 −  

𝑑

𝑑𝑡
 
𝜕ℒ

𝜕𝒒 
 −

𝜕ℒ

𝜕𝒒
 . 

We can also obtain 𝑾𝑁(𝒒, 𝑡) and 𝑾𝑇(𝒒, 𝑡) by the following equations [6]: 

𝑾𝑁 𝒒, 𝑡 =  
𝜕𝒈𝑁

𝜕𝒒
 
𝑇

 and 𝑾𝑇 𝒒, 𝑡 =  
𝜕𝜸𝑇

𝜕𝒖
 
𝑇

. 

Consequently, we have obtained all the matrices in the equations of motion so far, and now the 

question is how we can compute the Lagrangian multipliers since the expression of the Lagrange 

multipliers in the forward dynamic analysis with the bilateral constraints [4] is not applicable when 

we take account of the unilateral constraints. 
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iii. Contact Laws 

We have a robot on a slope. Both the robot and the slope are rigid bodies; therefore, we can apply a 

set-valued force law called Signorini‟s law for their normal contact. As the slope is a unilateral 

constraint, and we assume the impenetrability of the bodies, there are only two cases [9]: 

1. The two bodies touch when the normal contact distance is 0, and there exists 

non-negative normal contact forces. 

2. The two bodies don‟t touch when the normal contact distance is positive, so 

there is no normal contact force. 

We can describe this Signorini‟s set-valued force law for contact by the following complementarity 

relation [6]: 

𝑔𝑁𝑖
≥ 0,    𝜆𝑁𝑖

≥ 0,   𝑔𝑁𝑖
𝜆𝑁𝑖 = 0,  for 𝑖 ∈ ℐ𝐶  

  where ℐ𝐶 = {1,2,… , 𝑛𝑥} is the set of all contact points, 𝑔𝑁𝑖
 is the normal contact  

  distance at the contact point i, and 𝜆𝑁𝑖
 is the normal contact force at the contact point i. 

We now consider the case when 𝑔𝑁𝑖
= 0, and then the friction between the bodies imposes a force. 

This force is the friction force 𝜆𝑇𝑖  at the contact point i. We can obtain 𝜆𝑇𝑖  by applying the set-

valued Coulomb friction law: 

𝜆𝑇𝑖 ∈  

−𝜇𝜆𝑁𝑖
,           𝛾𝑇𝑖 > 0  

 −1,1 𝜇𝜆𝑁𝑖
, 𝛾𝑇𝑖 = 0

+𝜇𝜆𝑁𝑖
,            𝛾𝑇𝑖 < 0  

  

 where 𝜇 is the friction coefficient and 𝛾𝑇𝑖  is the relative sliding velocity at the contact point i. 

The admissible values of 𝝀𝑇  form a convex set 𝐶𝑇[9]: 𝐶𝑇 =  𝝀𝑇  | 𝜆𝑇𝑖 ≤ 𝜇𝑖𝜆𝑁𝑖
;∀𝑖 ∈ ℐ𝐶 . 

So far, we have attained the set-valued force laws in terms of complementarity relations. However, 

we need to entirely describe the dynamics of the system by a set of equations in order to apply the 

time-stepping method as it is a numerical integrator [9].  

Consequently, we introduce a basic concept from convex analysis, a proximal point [6][8]: 

 Definition of Proximal point 

  The proximal point of a convex set 𝐶 to a point 𝑧 is the closest point in 𝐶 to 𝑧 

  𝑝𝑟𝑜𝑥𝐶 𝑧 = argmin𝑥∗∈𝐶 𝑧 − 𝑥∗ , 𝑧 ∈ ℝ𝑛 . 

  Let 𝑥 = 𝑝𝑟𝑜𝑥𝐶 𝑧  then it holds that 𝑥 ∈ 𝐶 and  
𝑥 = 𝑧, if 𝑧 ∈ 𝐶,

𝑥 ∈ 𝑏𝑑𝑟𝑦𝐶, if 𝑧 ∉ 𝐶.
  

  where 𝑏𝑑𝑟𝑦𝐶 denotes the boundary of 𝐶. 
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Using the concept of a proximal point, we formulate Signorini‟s law for normal contact and 

Coulomb friction law [9]: 

  𝝀𝑁 = 𝑝𝑟𝑜𝑥𝐶𝑁  𝝀𝑁 − 𝑟𝒈𝑁 , with 𝐶𝑁 =  ℝ𝑛𝑥  + 

  𝜆𝑇𝑖 = 𝑝𝑟𝑜𝑥𝐶𝑇𝑖
 𝜆𝑇𝑖 − 𝑟𝛾𝑇𝑖 ,∀𝑖 ∈ ℐ𝑁  

  where ℐ𝑁 =  𝑖 ∈ ℐ𝐶|𝑔𝑁𝑖
= 0 , 𝐶𝑇𝑖 =  𝜆𝑇𝑖  |−𝜇𝑖𝜆𝑁𝑖 ≤ 𝜆𝑇𝑖 ≤ 𝜇𝑖𝜆𝑁𝑖

 , and 𝑟 > 0. 

Furthermore, we describe Signorini‟s set-valued force law for contact on velocity level, using the 

proximal point formulation [9]:  

  𝜆𝑁𝑖
= 𝑝𝑟𝑜𝑥𝐶𝑁𝑖

 𝜆𝑁𝑖
− 𝑟𝛾𝑁𝑖

 ,∀𝑖 ∈ ℐ𝑁  with 𝐶𝑁𝑖
=  ℝ + and 𝑟 > 0 

  where 𝛾𝑁𝑖
 is the contact velocity at the contact point i. 

Now, the question is how to evaluate the prox-functions. For the prox-functions in which we are 

interested, the following equations are applicable [9]: 

𝑝𝑟𝑜𝑥ℝ+(𝑥) = 𝑚𝑎𝑥(𝑥, 0) 

𝑝𝑟𝑜𝑥 −𝑎 ,𝑎 (𝑥) = 𝑚𝑖𝑛 𝑚𝑎𝑥 −𝑎, 𝑥 , 𝑎  

where 𝑎 is a constant. 

The equations above will be used to obtain 𝜆𝑁𝑖
 and 𝜆𝑇𝑖  when we apply the time-stepping method. 

Since the precise mathematical proofs are beyond the scope of this project, we omit them and refer 

to [6].  

 

iv. Impact Laws 

We also need to take account of impact. First, we state the Newton‟s impact law to describe the 

impact between rigid bodies: 

𝛾𝑁𝑖

+ = 𝑒𝑁𝛾𝑁𝑖

−, 𝑔𝑁𝑖
= 0 

where 𝑒𝑁 is Newton‟s coefficient of restitution, 𝛾𝑁𝑖

+ and 𝛾𝑁𝑖
−  

are the post-impact and pre-impact velocities, respectively. 

Now, we apply Poisson‟s set-valued force law for impact with restitution [9], which is the 

following complementarity relation between contact velocity and the impact impulsion: 

𝜉𝑁𝑖
≥ 0,    Λ𝑁𝑖

≥ 0,   𝜉𝑁𝑖
Λ𝑁𝑖 = 0,  for 𝑖 ∈ ℐ𝐶  

where 𝜉𝑁𝑖
= 𝛾𝑁𝑖

+ + 𝑒𝑁𝛾𝑁𝑖
−, Λ𝑁𝑖

 is the impact impulsion at the contact point i. 
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We can also formulate Poisson‟s set-valued force law for impact with restitution in terms of 

proximal point formulations [9]: 

Λ𝑁𝑖
= 𝑝𝑟𝑜𝑥𝐶𝑁𝑖

 Λ𝑁𝑖 − 𝑟𝜉𝑁𝑖
 ,∀𝑖 ∈ ℐ𝑁  with 𝐶𝑁𝑖

=  ℝ + and 𝑟 > 0. 

Similarly, we formulate the set-valued Coulomb friction law for impact, assuming a purely inelastic 

impact law in tangential direction: 

Λ𝑇𝑖 = 𝑝𝑟𝑜𝑥𝐶𝑇𝑖
 Λ𝑇𝑖 − 𝑟𝛾𝑇𝑖

+  ,∀𝑖 ∈ ℐ𝑁  

where ℐ𝑁 =  𝑖 ∈ ℐ𝐶|𝑔𝑁𝑖 = 0 , 𝐶𝑇𝑖 =  Λ𝑇𝑖  |−𝜇𝑖Λ𝑁𝑖
≤ Λ𝑇𝑖 ≤ 𝜇𝑖Λ𝑁𝑖

 , and 𝑟 > 0. 

In the previous section, we derived the equations of motion as usual: 

𝑴 𝒒, 𝑡 𝒖 − 𝑯 𝒒,𝒖, 𝑡 = 𝑾𝑇(𝒒, 𝑡)𝝀𝑇 + 𝑾𝑁(𝒒, 𝑡)𝝀𝑁 

However, the usual equations of motion, which relate accelerations to forces, are not suited to 

describe motion with impact [7]. Therefore, we deploy the theory of measures [8] and replace the 

usual equations of motion on the level of forces with the measure differential equations on the level 

of momenta [9]:  

𝑴 𝒒, 𝑡 𝑑𝒖 − 𝑯 𝒒,𝒖, 𝑡 𝑑𝑡 = 𝑾𝑇(𝒒, 𝑡)𝑑𝚲𝑇 + 𝑾𝑁(𝒒, 𝑡)𝑑𝚲𝑁 

where 𝑑𝚲𝑇  and 𝑑𝚲𝑁 are differential measures of the momenta  

in tangential and normal directions, respectively. 

 

v. The Time-stepping Method of Moreau 

The time-stepping method of Moreau is basically a special kind of midpoint DAE solver [7]. We 

use a fixed-step size in the time discretization of 𝒒  and 𝒖 ; consequently, time stepping 

approximates the solution of the system while taking fixed time-steps forward in time [9]. It is at 

best a second-order method, so a higher-order integration scheme such as Runge-Kutta four time-

stepping method is required in order to accurately simulate some mechanical systems such as the 

tippe-top [7]; however, the time-stepping method of Moreau is appropriate for our robot in a 

relatively slow motion. 

In order to use this method, the entire dynamics of the mechanical system with both bilateral and 

unilateral constraints have to be described by a set of equations during both smooth and non-

smooth phases of motion [9]. In the previous sections, we have attained the equations of motion in 

terms of the measure differential equations on the level of momenta as well as the constitutive laws 

for contact, impact, and friction in terms of proximal point formulations. Let us remind those 

equations: 

𝑴 𝒒, 𝑡 𝑑𝒖 − 𝑯 𝒒,𝒖, 𝑡 𝑑𝑡 = 𝑾𝑇(𝒒, 𝑡)𝑑𝚲𝑇 + 𝑾𝑁(𝒒, 𝑡)𝑑𝚲𝑁 
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Λ𝑁𝑖
= 𝑝𝑟𝑜𝑥𝐶𝑁𝑖

 Λ𝑁𝑖 − 𝑟𝜉𝑁𝑖
 ,∀𝑖 ∈ ℐ𝑁   

Λ𝑇𝑖 = 𝑝𝑟𝑜𝑥𝐶𝑇𝑖
 Λ𝑇𝑖 − 𝑟𝛾𝑇𝑖

+  ,∀𝑖 ∈ ℐ𝑁  

where ℐ𝑁 =  𝑖 ∈ ℐ𝐶|𝑔𝑁𝑖 = 0 , 𝐶𝑁𝑖
=  ℝ + , 𝐶𝑇𝑖 =  Λ𝑇𝑖  |−𝜇𝑖Λ𝑁𝑖 ≤ Λ𝑇𝑖 ≤ 𝜇𝑖Λ𝑁𝑖

 , 

 𝑟 > 0, and 𝜉𝑁𝑖
= 𝛾𝑁𝑖

+ + 𝑒𝑁𝛾𝑁𝑖

−. 

Now, we discretize the measure differential equation by integrating over a small but finite time 

interval ∆𝑡, which we take 1 milli-second in our simulation, and we obtain the following equation 

of motion in differences [7]: 𝑴∆𝒖−𝑯∆𝑡 = 𝑾𝑇𝚲𝑇 + 𝑾𝑁𝚲𝑁. 

We use the Augmented Lagrangian Method [6] to solve the contact problem. The saddle point of 

the Augmented Lagrangian is the solution to the set of algebraic equations [7], and we can find it 

with a Modified Newton algorithm. The basic principle of a Modified Newtown algorithm with 

completely inelastic contacts is the following [6]: 

  The Modified Newton Method uses initial guesses for the impulses, 𝚲𝑁
𝑘  and 𝚲𝑇

𝑘  for 

  k = 1, and iterates the scheme 

1. Solve ∆𝒖𝑘+1 from 𝑴∆𝒖𝑘+1 = 𝑯∆𝑡 + 𝑾𝑇𝚲𝑇
𝑘 + 𝑾𝑁𝚲𝑁

𝑘  

2. Project 𝚲𝑁
𝑘+1 = 𝑝𝑟𝑜𝑥𝐶𝑁  𝚲𝑁

𝑘 − 𝑟𝜸𝑁
𝑘+1 ,  𝚲𝑇

𝑘+1 = 𝑝𝑟𝑜𝑥𝐶𝑇 𝚲𝑁𝑘+1  𝚲𝑇
𝑘 − 𝑟𝜸𝑇

𝑘+1  

with 𝜸𝑁
𝑘+1 = 𝑾𝑁

T (∆𝒖𝑘+1 + 𝒖𝑘) + 𝒘 𝑁  and 𝜸𝑇
𝑘+1 = 𝑾𝑇

T (∆𝒖𝑘+1 + 𝒖𝑘) + 𝒘 𝑇  

until the error  𝚲𝑁
𝑘+1 − 𝚲𝑁

𝑘  +  𝚲𝑇
𝑘+1 − 𝚲𝑇

𝑘   is within some tolerance. 

  We note that 𝒘 𝑁 =
𝜕𝒈𝑁

𝜕𝑡
 and 𝒘 𝑇 =

𝜕𝜸𝑇

𝜕𝑡
, and both of them are zero-vectors in our system

  since we have scleronomic contacts [8]. 

Let us consider a single time-step ∆𝑡 from the starting-time 𝑡𝐴 to the end-time 𝑡𝐸 , and we denote the 

time at the midpoint as 𝑡𝑀  [9]: 𝑡𝑀 = 𝑡𝐴 +
1

2
∆𝑡  and 𝑡𝐸 = 𝑡𝐴 + ∆𝑡 = 𝑡𝑀 +

1

2
∆𝑡. And then, we can 

formulate the time-stepping procedure for a single time-step (j
th

 time-step) with possibly elastic 

contacts as follows [9]: 

 As we introduced 𝑡𝐴, 𝑡𝑀 , and 𝑡𝐸 , we also denote the system matrices and the states at each time 

 with the same subscripts. For example, 𝑾𝑁𝐴
T  means the transpose of the matrix 𝑾𝑁  at time 𝑡𝐴. 

 We set the initial guesses for the impulses, 𝚲𝑁
𝑘  and 𝚲𝑇

𝑘  for k = 1 to be zero vectors. 

1. the generalized coordinates and velocities at time 𝑡𝐴 , 𝒒𝐴  and 𝒖𝐴 , respectively are known 

when we make j
th

 time-stepping procedure since 𝑡𝐴 = 𝑡𝑗 , 𝒒𝐴 = 𝒒𝑗 , and 𝒖𝐴 = 𝒖𝑗 ; 

2. perform the mid-step: 𝒒𝑀 = 𝒒𝐴 +
1

2
∆𝑡𝒖𝐴 at time 𝑡𝑀; 

3. determine the active contact index set: ℐ𝑁 =  𝑖 ∈ ℐ𝐶|𝑔𝑁𝑖
≤ 0 ; 
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4. evaluate the system matrices 𝑴𝑀 , 𝑯𝑀 , 𝑾𝑇𝑀  and 𝑾𝑁𝑀  (also 𝒘 𝑁𝑀  and 𝒘 𝑇𝑀  if the contacts 

are rheonomic) at time 𝑡𝑀; 

5. obtain 𝒖𝐸 , 𝚲𝑁  and 𝚲𝑇  by iterating the scheme of the Modified Newton algorithm with 

possibly elastic contacts; 

i. Solve ∆𝒖𝑘+1 from 𝑴𝑀∆𝒖
𝑘+1 = 𝑯𝑀∆𝑡 + 𝑾𝑇𝑀𝚲𝑇

𝑘 + 𝑾𝑁𝑀𝚲𝑁
𝑘 ; 

ii. Obtain 𝒖𝐸 = 𝒖𝐴 + ∆𝒖𝑘+1; 

iii. Compute 𝜸𝑁𝐴 = 𝑾𝑁𝐴
T 𝒖𝐴 + 𝒘 𝑁𝐴 , 𝜸𝑁𝐸 = 𝑾𝑁𝑀

T 𝒖𝐸 + 𝒘 𝑁𝑀 , 

         and 𝜸𝑇𝐸 = 𝑾𝑇𝑀
T 𝒖𝐸 + 𝒘 𝑇𝑀; 

iv. Project 𝚲𝑁
𝑘+1 = 𝑝𝑟𝑜𝑥𝐶𝑁  𝚲𝑁

𝑘 − 𝑟𝝃𝑁 ,  𝚲𝑇
𝑘+1 = 𝑝𝑟𝑜𝑥𝐶𝑇 𝚲𝑁𝑘+1  𝚲𝑇

𝑘 − 𝑟𝜸𝑇𝐸  

with 𝝃𝑁 = 𝜸𝑁
+ + 𝑒𝑁𝜸𝑁

− = 𝜸𝑁𝐸 + 𝑒𝑁𝜸𝑁𝐴   

until the error  𝚲𝑁
𝑘+1 − 𝚲𝑁

𝑘  +  𝚲𝑇
𝑘+1 − 𝚲𝑇

𝑘   is within some tolerance; 

6. finish the time-step: 𝒒𝐸 = 𝒒𝑀 +
1

2
∆𝑡𝒖𝐸  at time 𝑡𝐸; 

7. 𝑡𝑗+1 = 𝑡𝐸 , 𝒒𝑗+1 = 𝒒𝐸 , and 𝒖𝑗+1 = 𝒖𝐸 . 

 

The user-defined MATLAB
®
 function, Time_Stepping_Method_Moreau.m, which is shown on the 

page 34 of this report, basically uses the algorithms above. We also have the controllers in the code, 

as we discuss in the next section. 

We note that the advantages of the time-stepping method are [9]: 

o it makes no distinction between impulsive or non-impulsive forces when accounting for 

them on a momentum level; 

o the momenta are finite even when impulsive force are present; 

o each separate event does not have to be addressed individually; 

o an accumulation of impacts can easily be dealt with. 

 

vi. Method to Generate Stable Gaits 

So far, we successfully described the entire dynamics of the mechanical system, including the set-

valued force laws. Consequently, we are able to attain the state variables (displacements and 

velocities) and simulate the dynamics of the mechanical system by simply plotting the 

displacements as functions of time, executing the set of MATLAB
®
 scripts and functions that the 

author wrote. At this point, we can validate the correctness of the set of scripts and functions by 

simulating with different values of the parameters such as friction coefficient and restitution 

coefficient. We omit the results of the sanity check, noting that we obtained a purely inelastic 

behavior when the restitution coefficient, 𝑒𝑁 is 0 and a purely elastic behavior with 𝑒𝑁 = 1. We 

also compared a case of zero friction coefficients and a case of non-zero friction coefficients, whose 

results were also sane.  

Now, we need to let our robot walk, although this is not the main purpose of this project. Once we 

have a trajectory that defines stable gaits, we can feed-forward the trajectory as a reference signal, 

using the control technique which is called the inverse dynamics control law [11], the computed 
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torque control law [12], or feedback linearization [13]. Consequently, generating stable gaits of our 

robot is a crucial problem, but how we generate the trajectory is not important as long as our robot 

walks in the simulation. 

Although, making use of zero moment point (ZMP) is a standard method to generate stable gaits of 

a biped walking robot, our robot is much simpler than those 3-dimensional robots with more than 

10 links. Therefore, we tackle this problem in an unorthodox procedure with which we come up for 

spending less time for a simpler problem. 

First, we start with letting the robot stand still by applying simple PD-controllers with the constant 

set points. The posture of the robot in this stage is shown in Figure 5, and this posture is based on a 

casual understanding of ZMP, although it is a very arbitrary design problem to define the posture. 

We then implement the inverse dynamics controller [11] to the user-defined MATLAB
®
 function, 

Time_Stepping_Method_Moreau.m by introducing additional terms for the controller in the 

equations of motion: 𝑴∆𝒖−𝑯∆𝑡 = 𝑾𝑇𝚲𝑇 + 𝑾𝑁𝚲𝑁 + 𝑺𝝉∆𝑡, where 𝑺 is a 6 by 6 identity matrix 

and 𝝉 is the controller, which is a column vector. It is worth noting that we can control only 

actuated joints but not the first and second components of the generalized coordinates, x and z; we 

cannot change the gravity field, and we do not apply any external forces such as electro-magnetic 

forces and aerodynamic forces. Consequently, the first and second components of 𝝉 are zeroes. The 

inverse dynamics control law has two components, feed-forward command and feedback command 

[12]: 𝝉 = 𝝉𝑓𝑓 + 𝝉𝑓𝑏  with 𝝉𝑓𝑓 = 𝑴 𝒒, 𝑡 𝒒 𝑑 −𝑯 𝒒,𝒖, 𝑡  and 𝝉𝑓𝑏 = 𝑴 𝒒, 𝑡  −𝒌𝐷𝒆 − 𝒌𝑃𝒆 , where 

𝒆 = 𝒒 − 𝒒𝑑  and 𝒆 = 𝒒 − 𝒒 𝑑 . 

Now, we perform a very unorthodox procedure that works only in the simulation but works well in 

this simple 2-dimensional model. We keep 𝝉𝑓𝑏  exactly the same as before; the feedback controllers, 

which are PD controllers with the constant set points in the displacements and the velocities, 

maintain the posture shown in Figure 5. In contrary, we feed-forward 𝒒 𝑑 , which are sinusoidal 

functions. So, 𝝉𝑓𝑓  may be considered as a kind of disturbances here.  

After some (but not a lot of) trials-and-errors in defining 𝝉𝑓𝑓  and adjusting the parameters 𝒌𝐷  and 

𝒌𝑃 , we attain a set of stable gaits in terms of the state variables as functions of time. And then, we 

clip the one period out of the entire data, pick up 20 points from the one period of the data, and 

interpolate those 20 points by applying the cubic spline data interpolation. We obtain the reference 

trajectory in the displacements and the velocities at this point, so we do the numerical 

differentiations to attain the reference accelerations. 
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Figure 5: The Posture of the Robot Standing Still 

 

 

vii. Final Configuration of the set of MATLAB
®
 codes with the Inverse Dynamics Control 

As we procured the reference trajectory that defines stable gaits, we simply use it in the inverse 

dynamics control law (this time in a normal way). The time step is 1 milli-second, which gives an 

accurate result, and we let the robot try to climb the slope of 5° with different values of the friction 

coefficient to observe the effect of Coulomb friction. 

We strive to enhance the visualization; therefore, we write the set of MATLAB
®
 codes that 

produces the movies. Main_4DoF_Model_TimeStepping.m is the main script of the set of 

MATLAB
®
 codes that needs to be executed, and it is shown on the page 27 of this report. 
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viii. Conclusions 

We hereby demonstrate the effect of Coulomb friction on the dynamics of the robot by simply 

comparing the two different values of the friction coefficient: μ=1 and μ=0. We simulate the 

walking robot with purely inelastic impacts on the slope of 5°. The two simulations have exactly 

the same initial conditions as shown in Figure 6. 

With Coulomb friction, the robot is able to climb up the slope and walks 7 meters from the origin in 

the negative x direction after 5 seconds as shown in Figure 7. On the other hand, without Coulomb 

friction, we have a “very slippery” slope that the walking robot slides down in the opposite 

direction (positive x direction) as shown in Figure 8. The set of MATLAB
®

 codes produces the 

movies, and we can clearly observe the two different scenarios. It is also capable of changing the 

restitution coefficient and the angle of the slope; however, we omit the results on the comparisons 

of those parameters. 

 

 

 

Figure 6: The Initial Condition  
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Figure 7: The Robot Climbing up the Slope (μ=1) 

 

Figure 8: The Robot Sliding down the Slope (μ=0) 
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Appendix 

MATLAB® codes 

i. Field.m 
function Field 
% Field.m 
% written by J.Kanehara @TU/e 
% This function simulates (plots) 3 dimensional model of the field 
% of the RoboCup 2009, Graz. 
% Version 1.0 on 04-2-2009 
  
theta = linspace(0,2*pi,25); 
center_x = cos(theta); 
center_y = sin(theta); 
center_z = zeros(length(theta)); 
  
line_width = 1.5; 
hold on 
  
patch([-2 2 2 -2],[0 0 6 6],[0 0 0 0],'g'); %Field 
plot3(center_x,center_y+3,center_z,'k') 
  
patch([1.3 1.3 1.3 1.3],[0 0 -0.6 -0.6],[0 0.6 0.6 0],'b');         %Innerwall 1 
patch(-[1.3 1.3 1.3 1.3],[0 0 -0.6 -0.6],[0 0.6 0.6 0],'b'); 
patch([1.3 1.3 -1.3 -1.3],[-0.6 -0.6 -0.6 -0.6],[0 0.6 0.6 0],'b'); 
patch([1.3 1.3 -1.3 -1.3],[0 -0.6 -0.6 0],[0 0 0 0],'g'); 
  
patch([1.3 1.3 1.3 1.3],[6, 6, 6.6, 6.6],[0 0.6 0.6 0],'y');        %Innerwall 2 
patch(-[1.3 1.3 1.3 1.3],[6, 6, 6.6, 6.6],[0 0.6 0.6 0],'y'); 
patch([1.3 1.3 -1.3 -1.3],[6.6 6.6 6.6 6.6],[0 0.6 0.6 0],'y'); 
patch([1.3 1.3 -1.3 -1.3],[6, 6.6, 6.6, 6],[0 0 0 0],'g'); 
  
line([1.3 1.3 -1.3 -1.3],[0 0 0 0],[0 1.8 1.8 0],'Color',0.8*[1 1 1],'LineWidth',3);    %Goalposts 
line([1.3 1.3 -1.3 -1.3],[6 6 6 6],[0 1.8 1.8 0],'Color',0.8*[1 1 1],'LineWidth',3);    %Goalposts 
  
line([1.5 1.5 -1.5 -1.5],[0 0.6 0.6 0],[0 0 0 0],'Color',[0 0 0],'LineWidth',line_width)    %lines 
line([1.5 1.5 -1.5 -1.5],[6 5.4 5.4 6],[0 0 0 0],'Color',[0 0 0],'LineWidth',line_width) 
line([2 -2],[3 3],[0 0],'Color',[0 0 0],'LineWidth',line_width) 
  
plot3([2.4],[3],[0.3],'yo')                                 %Landmark Poles 
line([2.4 2.4],[3 3],[0 0.2],'Color','b','Linewidth',5) 
line([2.4 2.4],[3 3],[0.2 0.4],'Color','y','Linewidth',5) 
line([2.4 2.4],[3 3],[0.4 0.6],'Color','b','Linewidth',5) 
  
plot3([-2.4],[3],[0.3],'bo')                                %Landmark Poles 
line([-2.4 -2.4],[3 3],[0 0.2],'Color','y','Linewidth',5) 
line([-2.4 -2.4],[3 3],[0.2 0.4],'Color','b','Linewidth',5) 
line([-2.4 -2.4],[3 3],[0.4 0.6],'Color','y','Linewidth',5) 
  
plot3([0],[3],[0],'k.')                   %Center spot 
plot3([0 0],[1.8, 6-1.8],[0 0],'b*')      %Penalty Mark 
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xlabel('x [m]');    ylabel('y [m]');    zlabel('z [m]'); 
axis equal 
axis([-4 4 -1 7 -0.5 3]) 
rotate3d on 
hold off 

 

 

ii. Goalkeeper_position.m 
function P = Goalkeeper_position(ball_position,goal_width) 
% Goalkeeper_position.m 
% initially written for TUlip by J.Kanehara @TU/e 
% Date: 11-02-2009 
% Version 1.0: 11-02-2009 by J.Kanehara 
  
A = [ball_position.x, ball_position.y]; 
B = [-goal_width/2,0]; 
C = [goal_width/2,0]; 
AB = B-A; 
BC = C-B; 
AC = C-A; 
  
OP = (norm(AB)*norm(BC)/norm(AC))/(1+norm(AB)/norm(AC)) - norm(B); 
  
factor = 0.7; 
if OP > factor*goal_width/2 
    P.x = factor*goal_width/2; 
elseif OP < -factor*goal_width/2 
    P.x = -factor*goal_width/2; 
else 
    P.x = OP; 
end 
P.y = 0; 
P.z = 0; 

 

 

iii. Global_Trajectory.m 
% Global_Trajectory.m 
% initially written for TUlip by J.Kanehara @TU/e 
% Date: 10-02-2009 to 04-03-2009 
% Version 1.0: 11-02-2009 by J.Kanehara 
% Version 1.1: 18-02-2009 by J.Kanehara 
% Version 1.2: 04-03-2009 by J.Kanehara 
clear 
clc 
close all 
help Global_Trajectory 
t0 = clock; 
%% Inputs 
N_repeat = 2;               %Number of the set of ball trajectory 
simulation_time = 2;        %approximate simulation time per one set of ball trajectory [sec] 
  
%% Parameters 
goal_width = 2.6;       %Width of the Goal [m] 
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center_spot.x = 0; 
center_spot.y = 3; 
center_spot.z = 0; 
blue_goal.x = 0; 
blue_goal.y = 0; 
blue_goal.z = 0; 
yellow_goal.x = 0; 
yellow_goal.y = 6; 
yellow_goal.z = 0; 
  
% Ball size 
ball.d = 0.18;      %Ball diameter [m] 
ball.m = 0.294;     %Ball mass [kg] 
  
% Ball 3-D geometry 
[ball.X, ball.Y, ball.Z] = sphere(20); 
ball.X = (ball.d/2)*ball.X; 
ball.Y = (ball.d/2)*ball.Y; 
ball.Z = (ball.d/2)*ball.Z + ball.d/2; 
  
% Goalkeeper 3-D geometry 
[Goalkeeper.X, Goalkeeper.Y, Goalkeeper.Z] = cylinder(1,20); 
Goalkeeper.X = 0.2*Goalkeeper.X; 
Goalkeeper.Y = 0.1*Goalkeeper.Y; 
Goalkeeper.Z = 1.2*Goalkeeper.Z; 
  
%% Calculations 
N = round(16*simulation_time); 
  
%% Define the Ball Trajectory 
% ball.position.x_history = linspace(center_spot.x,yellow_goal.x,N); 
% ball.position.y_history = linspace(center_spot.y,yellow_goal.y,N); 
% ball.position.z_history = linspace(center_spot.z,yellow_goal.z,N); 
  
% ball.position.x_history = linspace(center_spot.x,blue_goal.x,N); 
% ball.position.y_history = linspace(center_spot.y,blue_goal.y,N); 
% ball.position.z_history = linspace(center_spot.z,blue_goal.z,N); 
  
% tau = linspace(0,2*pi,N); 
% ball.position.x_history = 2*sin(tau); 
% ball.position.y_history = ones(N,1); 
% ball.position.z_history = zeros(N,1); 
  
% tau = linspace(0,2*pi,N); 
tau = linspace(0,1.7*pi,N); 
ball.position.x_history = 2*cos(tau); 
ball.position.y_history = 1.5*abs(sin(tau)); 
ball.position.z_history = zeros(N,1); 
  
%% Define the Ball Trajectory of Shooting 
% shoot_from = [0 1.8]; 
% shoot_to = [-1 0]; 
  
% shoot_from = [1.5 1.2]; 
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% shoot_to = [-1.2 0]; 
%  
% tau = linspace(0,1,N); 
  
% ball.position.x_history = spline([0 1],[shoot_from(1) shoot_to(1)],tau); 
% ball.position.y_history = spline([0 1],[shoot_from(2) shoot_to(2)],tau); 
  
% ball.position.x_history = spline([0 0.5 1],[shoot_from(1), 0.8*mean([shoot_from(1) shoot_to(1)]) ,shoot_to(1)],tau); 
% ball.position.y_history = spline([0 0.5 1],[shoot_from(2), 1.2*mean([shoot_from(2) shoot_to(2)]) ,shoot_to(2)],tau); 
% ball.position.z_history = zeros(N,1); 
  
%% Plots 
figure 
for index2 = 1:N_repeat 
 for index = 1:N 
    t1 = clock; 
    ball.position.x = ball.position.x_history(index); 
    ball.position.y = ball.position.y_history(index); 
    ball.position.z = ball.position.z_history(index); 
    surf(ball.X+ball.position.x,ball.Y+ball.position.y,ball.Z+ball.position.z,... 
         'FaceColor',[255 170 0]/255,'EdgeColor',[255 170 0]/255) 
  
    hold on 
    Goalkeeper.position = Goalkeeper_position(ball.position,goal_width); 
    surf(Goalkeeper.X+Goalkeeper.position.x,Goalkeeper.Y+Goalkeeper.position.y,... 
         Goalkeeper.Z+Goalkeeper.position.z,... 
         'FaceColor',[255 140 0]/255,'EdgeColor',[255 140 0]/255) 
    line([ball.position.x -goal_width/2],[ball.position.y 0],[0 0],... 
         'Color','m','LineStyle','--') 
    line([ball.position.x goal_width/2],[ball.position.y 0],[0 0],... 
         'Color','m','LineStyle','--') 
    line([ball.position.x Goalkeeper.position.x],... 
         [ball.position.y Goalkeeper.position.y],[0 0],... 
         'Color','m','LineStyle','--') 
    hold off 
     
    Field                           %call the function "Field" 
    % view([3,center_spot.y-ball.position.y,3])     %moving view 
    view([3,center_spot.y,3])       %fixed view 
    % view([0,0,3])                   %Top view 
    pause(1/33-etime(clock,t1))    
    drawnow 
 end 
end 
fprintf('\nElapsed Time: %.4f [s]\n',etime(clock,t0)) 

 

 

iv. Derive_EoM_4DoF_Model.m 
 
%% Derive_EoM_4DoF_Model 
% written by Junichi Kanehara 
% Date: 13-05-2009 
% Last Modified: 29-05-2009 
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clear 
clc 
  
syms g t x y z x_d y_d z_d x_dd y_dd z_dd alpha 
  
NDoF = 4; 
q = [x;z];       q_d = [x_d;z_d];   q_dd = [x_dd;z_dd]; 
r1 = [x z].';     
uni2v_z = [0 z]; 
  
%% Derive EoM 
M = []; 
for ii=1:NDoF+1 
    eval(['syms m' num2str(ii)]) 
    eval(['M=[M; m' num2str(ii) '];']) 
end 
M = diag(M); 
  
for ii=1:NDoF 
    eval(['syms l' num2str(ii)]) 
    eval(['syms theta' num2str(ii)]) 
    eval(['syms theta_d' num2str(ii)]) 
    eval(['syms theta_dd' num2str(ii)]) 
    eval(['q=[q; theta' num2str(ii) '];']) 
    eval(['q_d=[q_d; theta_d' num2str(ii) '];']) 
    eval(['q_dd=[q_dd; theta_dd' num2str(ii) '];']) 
end 
  
% Direction Cosine Matrices 
A21 = [cos(theta1), sin(theta1); -sin(theta1),cos(theta1)]; 
A32 = [cos(theta2), sin(theta2); -sin(theta2),cos(theta2)]; 
if NDoF > 2 
A41 = [cos(theta3), sin(theta3); -sin(theta3),cos(theta3)]; 
A54 = [cos(theta4), sin(theta4); -sin(theta4),cos(theta4)]; 
end 
  
% Displacements 
r12 = [-l1*sin(-theta1); -l1*cos(-theta1)]; 
r2 = r1 + r12; 
r23 = [-l2*sin(-theta2); -l2*cos(-theta2)]; 
r3 = r2 + (r23.'*A21).'; 
if NDoF > 2 
r14 = [l3*sin(theta3); -l1*cos(theta3)]; 
r4 = r1 + r14; 
r45 = [l4*sin(theta4); -l1*cos(theta4)]; 
r5 = r4 + (r45.'*A41).'; 
end 
  
r = []; 
g_N = []; 
for ii=1:NDoF+1 
    eval(['r=[r r' num2str(ii) '];']) 
    eval(['g_N=[g_N r' num2str(ii) '(2)];']) 
end 
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% Velocities 
gamma_T = []; 
for ii=1:NDoF+1 
    % compute r_dot >> r_dot2 = jacobian(r2,q)*q_dot; 
    eval(['r_d' num2str(ii) '= jacobian(r' num2str(ii) ',q)*q_d;']) 
    eval(['gamma_T=[gamma_T r_d' num2str(ii) '(1)];']) 
     
    % display r and r_dot on the screen 
    eval(['r' num2str(ii)]) 
    eval(['r_d' num2str(ii)]) 
end 
  
% Kinetic Energy 
T = 0; 
for ii=1:NDoF+1 
    eval(['T = T + 0.5*m' num2str(ii) '*r_d' num2str(ii) '.^2;']) 
end 
T = sum(T); 
[T,method2simplify] = simple(T); 
  
% Potential Energy 
% when alpha = 0 >> gravity = -gi; alpha = pi/2 >> gravity = -gk 
V_temp = M*r.'*g; 
V = sum(V_temp(:,1)*sin(alpha)+V_temp(:,2)*cos(alpha)); 
[V,method2simplify] = simple(V) 
  
L = T-V; 
term1 = jacobian(L,q_d); 
term1 = jacobian(term1,q_d)*q_dd;  
term2 = jacobian(L,q).'; 
g_q = jacobian(V,q).'; 
EoM = term1 - term2; 
[EoM,method2simplify] = simple(EoM); 
  
M_q = jacobian(EoM,q_dd); 
[H_q,method2simplify] = simple(EoM - M_q*q_dd);  
M_q 
H_q 
g_q 
 
% Check 
disp('Check if this is 0 vector.') 
disp('EoM - (M_q*q_dd + H_q) = ') 
disp(expand(EoM - (M_q*q_dd+H_q))) 
  
%% Constraints 
h = g_N; 
disp('g_N = '); disp(g_N.') 
W_N = jacobian(h,q).' 
w_N_tilde = jacobian(g_N,t) 
w_N_bar = jacobian(W_N.'*q_d,q)*q_d  
W_T = jacobian(gamma_T,q_d).' 
w_T_tilde = jacobian(gamma_T,t) 
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%% Save 
save EoM_Matrices.mat M_q H_q W_N w_N_tilde w_N_bar 
 

 

 

v. Trajectory_1period.m 
 
%% Trajectory_1period 
% written by Junichi Kanehara on 03-06-2009 
  
clear 
clc 
close all 
load Trajectory.mat 
  
index1 = 6131;  index2 = 8075; 
t = [0:1:index2-index1]/1000; 
  
%% Plots of Joint Angular Velocities 
figure 
for ii = 1:4 
    subplot(2,2,ii) 
    plot(t,rad2deg(s(index1:index2,ii+2+6))) 
    ylabel(['\theta_{dot}_' num2str(ii) ' [deg/s]']) 
    xlabel('Time [s]') 
    grid on 
    set(gca,'FontSize',14) 
end 
  
%% Plots of Joint Angles 
figure 
for ii = 1:4 
    subplot(2,2,ii) 
    plot(t,rad2deg(s(index1:index2,ii+2))) 
    ylabel(['\theta_' num2str(ii) ' [deg]']) 
    xlabel('Time [s]') 
    grid on 
    set(gca,'FontSize',14) 
end 
  
%% 
N = length(t)-1; 
for ii = 1:4 
    for jj = 1:20 
        theta_d_temp = s(index1:index2,ii+2+6); 
        theta_temp = s(index1:index2,ii+2); 
        theta_d{ii}(jj)=theta_d_temp(floor((jj-1)*N/19)+1);         
        theta{ii}(jj)=theta_temp(floor((jj-1)*N/19)+1); 
        t_ex(jj) = t(floor((jj-1)*N/19)+1); 
    end 
    PP_theta_d{ii} = spline(t_ex,theta_d{ii}); 
    theta_d_fit{ii} = ppval(PP_theta_d{ii},t); 
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    PP_theta{ii} = spline(t_ex,theta{ii}); 
    theta_fit{ii} = ppval(PP_theta{ii},t); 
    theta_dd_fit{ii} = [0,diff(theta_d_fit{ii})./diff(t)]; 
end 
  
for ii = 1:4 
    theta_fit2{ii} = wrev(theta_fit{ii}); 
    theta_d_fit2{ii} = wrev(theta_d_fit{ii}); 
    theta_dd_fit2{ii} = wrev(theta_dd_fit{ii}); 
end 
  
save Reference_Trajectory.mat theta_dd_fit theta_d_fit theta_fit 
save Reference_Trajectory2.mat theta_dd_fit2 theta_d_fit2 theta_fit2 
%% Plots of Joint Angular Velocities 
for ii = 1:4 
    figure 
    hold on 
    plot(t,rad2deg(s(index1:index2,ii+2+6))) 
    plot(t_ex,rad2deg(theta_d{ii}),'ro') 
    plot(t,rad2deg(theta_d_fit{ii}),'r-.') 
    ylabel(['\theta_{dot}_' num2str(ii) ' [deg/s]']) 
    xlabel('Time [s]') 
    grid on 
    set(gca,'FontSize',14) 
    hold off 
end 
  
%% Plots of Joint Angles 
for ii = 1:4 
    figure 
    hold on 
    plot(t,rad2deg(s(index1:index2,ii+2))) 
    plot(t_ex,rad2deg(theta{ii}),'ro') 
    plot(t,rad2deg(theta_fit{ii}),'r-.') 
    ylabel(['\theta_' num2str(ii) ' [deg]']) 
    xlabel('Time [s]') 
    grid on 
    set(gca,'FontSize',14) 
    hold off 
end 

 

 

vi. Main_4DoF_Model_TimeStepping.m 
%% Main_4DoF_Model_TimeStepping 
% written by Junichi Kanehara on 23-05-2009 
% 
% Last Update: 08-06-2009 
  
close all 
clear 
clc 
help Main_4DoF_Model_TimeStepping 
fprintf('The code is running. Started at'); Show_Time_Date 
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%% Define the parameters 
load Reference_Trajectory2 
theta_fit = theta_fit2; 
theta_d_fit = theta_d_fit2; 
theta_dd_fit = theta_dd_fit2; 
  
par.NDoF = 4;       NDoF = par.NDoF; 
par.alpha = -deg2rad(5);       % angle of the slope 
par.mu = 1;         % friction coefficient 
par.r  = 0.5;       % parameter in the proximal point description of 
                    % the set-valued force laws 
par.eN = 0.00;      % coefficient of restitution 
par.g = 9.81; 
par.m1 = 1; 
par.m2 = 0.5; 
par.m3 = 0.5; 
par.m4 = 0.5; 
par.m5 = 0.5; 
par.l1 = 1;         l1 = par.l1; 
par.l2 = 1;         l2 = par.l2; 
par.l3 = 1;         l3 = par.l3; 
par.l4 = 1;         l4 = par.l4;         
alpha = par.alpha;  mu = par.mu;    eN = par.eN; 
  
par.theta1_r = theta_fit{1}(1);    theta1_r = par.theta1_r; 
par.theta2_r = theta_fit{2}(1);    theta2_r = par.theta2_r; 
par.theta3_r = theta_fit{3}(1);    theta3_r = par.theta3_r; 
par.theta4_r = theta_fit{4}(1);    theta4_r = par.theta4_r; 
par.theta_dr1 = theta_d_fit{1}(1); 
par.theta_dr2 = theta_d_fit{2}(1); 
par.theta_dr3 = theta_d_fit{3}(1); 
par.theta_dr4 = theta_d_fit{4}(1); 
Kp_theta1 = 1e4;  
Kp_theta2 = 1e4; 
Kp_theta3 = 1e4; 
Kp_theta4 = 1e4; 
Kd_theta1 = sqrt(Kp_theta1);  
Kd_theta2 = sqrt(Kp_theta2);  
Kd_theta3 = sqrt(Kp_theta3);  
Kd_theta4 = sqrt(Kp_theta4);  
par.Kp = diag([0 0 Kp_theta1 Kp_theta2 Kp_theta3 Kp_theta4]); 
par.Kd = diag([0 0 Kd_theta1 Kd_theta2 Kd_theta3 Kd_theta4]); 
  
%% Initial and Final conditions 
t0 = 0; 
tf = 5; 
  
x_0 = 0; 
gN_0= 0; 
theta1_0 = theta1_r; 
theta2_0 = theta2_r; 
theta3_0 = theta3_r; 
theta4_0 = theta4_r; 
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x_d_0 = 0; 
z_d_0 = 0; 
theta_d1_0 = 0; 
theta_d2_0 = 0; 
theta_d3_0 = 0; 
theta_d4_0 = 0; 
  
A21_0 = [cos(theta1_0), sin(theta1_0); -sin(theta1_0),cos(theta1_0)]; 
A32_0 = [cos(theta2_0), sin(theta2_0); -sin(theta2_0),cos(theta2_0)]; 
if NDoF > 2 
    A41_0 = [cos(theta3_0), sin(theta3_0); -sin(theta3_0),cos(theta3_0)]; 
    A54_0 = [cos(theta4_0), sin(theta4_0); -sin(theta4_0),cos(theta4_0)]; 
end 
z_0 = gN_0 ... 
     + max(abs(-l1*cos(theta1_0)+l2*sin(theta2_0)*sin(theta1_0)-l2*cos(theta2_0)*cos(theta1_0)),... 
           abs(-l1*cos(theta3_0)+l4*sin(theta4_0)*sin(theta3_0)-l1*cos(theta4_0)*cos(theta3_0))); 
  
%% Numerical Integrations 
% Set the initial conditions of state variables 
q_0=[x_0 z_0 theta1_0, theta2_0, theta3_0, theta4_0]; 
u_0 = [x_d_0, z_d_0, theta_d1_0, theta_d2_0, theta_d3_0, theta_d4_0]; 
  
% Call Time_Stepping_Method_RK4 to perform numerical integration 
N = 1000*tf; 
tol = 1e-12; 
[t,q,u] = Time_Stepping_Method_Moreau(t0,tf,q_0,u_0,N,tol,par); 
% [t,q,u] = Time_Stepping_Method_RK4(t0,tf,q_0,u_0,N,tol,par); 
  
%% Data Processing 
s = [q,u]; 
x = q(:,1);     z = q(:,2); 
for ii = 1:4 
    eval(['theta' num2str(ii) '= q(:,' num2str(ii+2) ');']) 
end 
  
Asg = [cos(alpha), -sin(alpha); sin(alpha),cos(alpha)]; %DCM from slope to ground 
for ii = 1:length(t) 
    % Direction Cosine Matrices 
    A21{ii} = [cos(theta1(ii)), sin(theta1(ii)); -sin(theta1(ii)),cos(theta1(ii))]; 
    A32{ii} = [cos(theta2(ii)), sin(theta2(ii)); -sin(theta2(ii)),cos(theta2(ii))]; 
    if NDoF > 2 
    A41{ii} = [cos(theta3(ii)), sin(theta3(ii)); -sin(theta3(ii)),cos(theta3(ii))]; 
    A54{ii} = [cos(theta4(ii)), sin(theta4(ii)); -sin(theta4(ii)),cos(theta4(ii))]; 
    end 
  
    % Displacements 
    r1{ii} = [x(ii) z(ii)].';   
    r12{ii} = [-l1*sin(-theta1(ii)), -l1*cos(-theta1(ii))].'; 
    r2{ii} = r1{ii} + r12{ii}; 
    r23{ii} = [-l2*sin(-theta2(ii)), -l2*cos(-theta2(ii))].'; 
    r3{ii} = r2{ii} + (r23{ii}.'*A21{ii}).'; 
    if NDoF > 2 
    r14{ii} = [l3*sin(theta3(ii)), -l1*cos(theta3(ii))].'; 
    r4{ii} = r1{ii} + r14{ii}; 
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    r45{ii} = [l4*sin(theta4(ii)), -l1*cos(theta4(ii))].'; 
    r5{ii} = r4{ii} + (r45{ii}.'*A41{ii}).'; 
    end 
     
    % Displacements 2 
    rg1{ii} = Asg*r1{ii}; 
    rg2{ii} = Asg*r2{ii}; 
    rg3{ii} = Asg*r3{ii}; 
    if NDoF > 2 
    rg4{ii} = Asg*r4{ii}; 
    rg5{ii} = Asg*r5{ii}; 
    end 
     
    % Displacement History 
    r{1}(ii,:) = r1{ii}'; 
    r{2}(ii,:) = r2{ii}'; 
    r{3}(ii,:) = r3{ii}'; 
    r{4}(ii,:) = r4{ii}'; 
    r{5}(ii,:) = r5{ii}'; 
end 
  
x_max = max([r1{end}(1),r2{end}(1),r3{end}(1),r4{end}(1),r5{end}(1)]); 
x_min = min([r1{end}(1),r2{end}(1),r3{end}(1),r4{end}(1),r5{end}(1)]); 
  
%% Plots of Joint Angles 
figure 
subplot(2,1,1) 
plot(t,s(:,1)) 
prop1 = ylabel('x [m]'); 
prop2 = xlabel('Time [s]'); 
grid on 
set(gca,'FontSize',14) 
subplot(2,1,2) 
plot(t,s(:,2)) 
prop3 = ylabel('z [m]'); 
prop4 = xlabel('Time [s]'); 
prop5 = title({'4DoF Model: States versus Time'}); 
grid on 
prop = []; 
for ii=1:5 
    eval(['prop = [prop prop' num2str(ii) '];']) 
end 
set(prop,'FontSize',14) 
set(gca,'FontSize',14) 
  
figure 
for ii = 1:4 
    subplot(2,2,ii) 
    plot(t,rad2deg(s(:,ii+2))) 
    prop1 = ylabel(['\theta_' num2str(ii) ' [deg]']); 
    prop2 = xlabel('Time [s]'); 
    grid on 
    prop = [prop1 prop2]; 
    set(prop,'FontSize',14) 
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    set(gca,'FontSize',14) 
end 
  
%% Plots of Joint Angle Errors 
N_r = length(theta_fit{1}); 
N_period = floor(length(t)/N_r); 
  
figure 
for ii = 1:4 
    theta_fit_long{ii} = []; 
    for jj = 1:N_period 
        theta_fit_long{ii} = [theta_fit_long{ii}, theta_fit{ii}]; 
    end 
    subplot(2,2,ii) 
    plot(t(1:N_period*N_r),abs(rad2deg(s(1:N_period*N_r,ii+2)-(theta_fit_long{ii})'))) 
    prop1 = ylabel(['|\theta_' num2str(ii) ' - \theta_{ref}_' num2str(ii) '| [deg]']); 
    prop2 = xlabel('Time [s]'); 
    grid on 
    prop = [prop1 prop2]; 
    set(prop,'FontSize',14) 
    set(gca,'FontSize',14) 
end 
  
%% Plots of Joint Angular Velocities 
figure 
subplot(2,1,1) 
plot(t,s(:,7)) 
prop1 = ylabel('x_{dot} [m/s]'); 
prop2 = xlabel('Time [s]'); 
grid on 
set(gca,'FontSize',14) 
subplot(2,1,2) 
plot(t,s(:,8)) 
prop3 = ylabel('z_{dot} [m/s]'); 
prop4 = xlabel('Time [s]'); 
prop5 = title({'4DoF Model (ode45) States versus Time'}); 
grid on 
set(gca,'FontSize',14) 
prop = []; 
for ii=1:5 
    eval(['prop = [prop prop' num2str(ii) '];']) 
end 
set(prop,'FontSize',14) 
  
figure 
for ii = 1:4 
    subplot(2,2,ii) 
    plot(t,rad2deg(s(:,ii+2+6))) 
    prop1 = ylabel(['\theta_{dot}_' num2str(ii) ' [deg/s]']); 
    prop2 = xlabel('Time [s]'); 
    grid on 
    set(gca,'FontSize',14) 
    prop = [prop1 prop2]; 
    set(prop,'FontSize',14) 
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end 
  
%% Initial Condition 
line_width = 2; 
n = 0; 
figure 
for ii = 1 
    clf 
    n = n+1; 
    hold on 
    plot(r1{ii}(1),r1{ii}(2),'ro') 
    plot(r2{ii}(1),r2{ii}(2),'ro') 
    plot(r3{ii}(1),r3{ii}(2),'ro') 
    plot(r4{ii}(1),r4{ii}(2),'ro') 
    plot(r5{ii}(1),r5{ii}(2),'ro') 
    line([-1.5 1.5],[0,0],'LineWidth',line_width,'Color','k') 
    line([r1{ii}(1),r2{ii}(1)],[r1{ii}(2),r2{ii}(2)],'LineWidth',line_width) 
    line([r2{ii}(1),r3{ii}(1)],[r2{ii}(2),r3{ii}(2)],'LineWidth',line_width) 
    line([r1{ii}(1),r4{ii}(1)],[r1{ii}(2),r4{ii}(2)],'LineWidth',line_width,'Color','g') 
    line([r4{ii}(1),r5{ii}(1)],[r4{ii}(2),r5{ii}(2)],'LineWidth',line_width,'Color','g') 
    hold off 
    axis equal     
    axis([-1.5 1.5 -0.5 2]) 
    grid on 
    prop1 = xlabel('x [m]'); 
    prop2 = ylabel('z [m]'); 
    prop3 = legend(['\alpha = ' num2str(rad2deg(par.alpha)) ' [deg], t = ' ... 
            num2str(0.01*round(100*t(ii)),'%.2f') ' [s]'],3); 
    set(gca,'FontSize',14) 
    prop = []; 
    for ii=1:3 
        eval(['prop = [prop prop' num2str(ii) '];']) 
    end 
    set(prop,'FontSize',14) 
end 
  
%% Trajectories 
figure 
subplot(2,1,1) 
plot(r{1}(:,1),r{1}(:,2)) 
grid on 
prop1 = xlabel('x [m]'); 
prop2 = ylabel('z [m]'); 
prop3 = legend(['\alpha = ' num2str(rad2deg(par.alpha)) ' [deg], r_1'],2); 
set(gca,'FontSize',14) 
subplot(2,1,2) 
plot(r{2}(:,1),r{2}(:,2),'b',r{3}(:,1),r{3}(:,2),'r',... 
     r{4}(:,1),r{4}(:,2),'g',r{5}(:,1),r{5}(:,2),'m') 
grid on 
prop4 = xlabel('x [m]'); 
prop5 = ylabel('z [m]'); 
prop6 = legend('r_2','r_3','r_4','r_5'); 
  
set(gca,'FontSize',14) 
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prop = []; 
for ii=1:6 
    eval(['prop = [prop prop' num2str(ii) '];']) 
end 
set(prop,'FontSize',14) 
  
%% Movie 1 
if alpha ~= 0 
N_frames = 33*tf; 
step = floor(length(t)/N_frames); 
n = 0; 
figure 
for ii = 1:step:length(t) 
    clf 
    n = n+1; 
    hold on 
    plot(rg1{ii}(1),rg1{ii}(2),'ro') 
    plot(rg2{ii}(1),rg2{ii}(2),'ro') 
    plot(rg3{ii}(1),rg3{ii}(2),'ro') 
    plot(rg4{ii}(1),rg4{ii}(2),'ro') 
    plot(rg5{ii}(1),rg5{ii}(2),'ro') 
    line([min(-1,(x_min-0.5))*cos(alpha),max(1,(x_max+0.5))*cos(alpha)],... 
         [min(-1,(x_min-0.5))*sin(alpha),max(1,(x_max+0.5))*sin(alpha)],... 
         'LineWidth',line_width,'Color','k') 
    line([rg1{ii}(1),rg2{ii}(1)],[rg1{ii}(2),rg2{ii}(2)],'LineWidth',line_width) 
    line([rg2{ii}(1),rg3{ii}(1)],[rg2{ii}(2),rg3{ii}(2)],'LineWidth',line_width) 
    line([rg1{ii}(1),rg4{ii}(1)],[rg1{ii}(2),rg4{ii}(2)],'LineWidth',line_width,'Color','g') 
    line([rg4{ii}(1),rg5{ii}(1)],[rg4{ii}(2),rg5{ii}(2)],'LineWidth',line_width,'Color','g') 
    hold off 
    axis equal     
    axis([min(-1,(x_min-1)) max(1,(x_max+1)) min(-1,(x_max+1)*sin(alpha)) 4]) 
    grid on 
    prop1 = xlabel('x*cos(\alpha) - z*sin(\alpha) [m]'); 
    prop2 = ylabel('z*cos(\alpha) + x*sin(\alpha) [m]'); 
    if alpha < 0 
        prop3 = legend({['\alpha = ' num2str(rad2deg(alpha)) ' [deg], '... 
                 '\mu = ' num2str(mu)];['e_N = ' num2str(eN) ... 
                 ',  t = ' num2str(0.1*round(10*t(ii)),'%.1f') ' [s]']},1); 
    else 
        prop3 = legend({['\alpha = ' num2str(rad2deg(alpha)) ' [deg], '... 
                 '\mu = ' num2str(mu)];['e_N = ' num2str(eN) ... 
                 ',  t = ' num2str(0.1*round(10*t(ii)),'%.1f') ' [s]']},2); 
    end 
    prop = [prop1 prop2 prop3]; 
    set(prop,'FontSize',14) 
    set(gca,'FontSize',14) 
    % pause(1/50) 
    Movie_4DoF_Model1(n) = getframe; 
end 
end 
%% Movie 2 
if alpha == 0 
N_frames = 33*tf; 
step = floor(length(t)/N_frames); 
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n = 0; 
figure 
for ii = 1:step:length(t) 
    clf 
    n = n+1; 
    hold on 
    plot(r1{ii}(1),r1{ii}(2),'ro') 
    plot(r2{ii}(1),r2{ii}(2),'ro') 
    plot(r3{ii}(1),r3{ii}(2),'ro') 
    plot(r4{ii}(1),r4{ii}(2),'ro') 
    plot(r5{ii}(1),r5{ii}(2),'ro') 
    line([min(-1,(x_min-1)),max(1,(x_max+1))],[0,0],'LineWidth',line_width,'Color','k') 
    line([r1{ii}(1),r2{ii}(1)],[r1{ii}(2),r2{ii}(2)],'LineWidth',line_width) 
    line([r2{ii}(1),r3{ii}(1)],[r2{ii}(2),r3{ii}(2)],'LineWidth',line_width) 
    line([r1{ii}(1),r4{ii}(1)],[r1{ii}(2),r4{ii}(2)],'LineWidth',line_width,'Color','g') 
    line([r4{ii}(1),r5{ii}(1)],[r4{ii}(2),r5{ii}(2)],'LineWidth',line_width,'Color','g') 
    hold off 
    axis equal     
    axis([min(-1,(x_min-1)) max(1,(x_max+1)) -1 4]) 
    grid on 
    prop1 = xlabel('x [m]'); 
    prop2 = ylabel('z [m]'); 
    prop3 = legend({['\alpha = ' num2str(rad2deg(alpha)) ' [deg], '... 
                 '\mu = ' num2str(mu)];['e_N = ' num2str(eN) ... 
                 ',  t = ' num2str(0.1*round(10*t(ii)),'%.1f') ' [s]']},2);     
    prop = [prop1 prop2 prop3]; 
    set(prop,'FontSize',14) 
    set(gca,'FontSize',14) 
    % pause(1/50) 
    Movie_4DoF_Model2(n) = getframe; 
end 
end 

 

 

 

vii. Time_Stepping_Method_Moreau.m 
 
function [t,q,u] = Time_Stepping_Method_Moreau(t0,tf,q0,u0,N,tol,par) 
% Time_Stepping_Method_Moreau 
% written by Junichi Kanehara 
% Date: 28-05-2009 
% Last Modified: 03-06-2009 
% 
% This function numerically integrate the generalized displacements 
% and velocities by the time-stepping method of Moreau with an Augmented 
% Lagrangian approach (Leine & Glocker, 2003). 
% 
% Inputs: 
%     t0: initial time 
%     tf: final time 
%     q0: initial conditions of the generalized coordinates (displacements) 
%     u0: initial conditions of the generalized velocities 
%      N: number of steps 
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%    tol: tolerance 
% 
% Outputs: 
%     t: time 
%     q: generalized coordinates 
%     u: generalized velocities, q_d 
% 
% See also Time_Stepping_Method_RK4 
% 
% References 
%  Leine, R.I., Glocker, Ch., 2003. European Journal of Mechanics 
%    A/Solids 22 (2003) 193-216 
load EoM_Matrices 
load Reference_Trajectory2 
theta_fit = theta_fit2; 
theta_d_fit = theta_d_fit2; 
theta_dd_fit = theta_dd_fit2; 
  
%% Define parameters 
alpha = par.alpha; 
NDoF = par.NDoF; 
g = par.g; 
mu = par.mu;    % friction coefficient 
r = par.r;      % parameter in the proximal point description of 
                % the set-valued force laws 
eN = par.eN;    % coefficient of restitution 
Kp = par.Kp; 
Kd = par.Kd; 
  
m1 = par.m1; 
for ii=1:NDoF 
    eval(['m' num2str(ii+1) '=par.m' num2str(ii+1) ';']) 
    eval(['l' num2str(ii) '=par.l' num2str(ii) ';']) 
end 
  
%% Algorithm of ComputeStage 
% given on N. van de Wouw, Time-Stepping for Dummies and 
% p.206, R.Leine & Ch.Glocker, A set-valued force law for spatial 
% Coulomb-Contensou friction, European Journal of Mechanics A/Solids 22 
% (2003) 193-216 
  
dt = (tf-t0)/(N-1); 
t(1) = t0;  q(1,:) = q0;    u(1,:) = u0; 
Lambda_N = zeros(size(w_N_tilde)); 
Lambda_F = zeros(size(w_N_tilde)); 
  
N_r = length(theta_fit{1}); 
  
for jj = 1:N 
    t_A = t(jj);  q_A = q(jj,:);  u_A = u(jj,:); 
    t_M = t_A + 0.5*dt; q_M = q_A + 0.5*dt*u_A;   %Do half a time-step 
     
    % Reference Trajectory 
    if jj <= N_r 
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        theta1_r = theta_fit{1}(jj); 
        theta2_r = theta_fit{2}(jj); 
        theta3_r = theta_fit{3}(jj); 
        theta4_r = theta_fit{4}(jj); 
        theta_dr1 = theta_d_fit{1}(jj); 
        theta_dr2 = theta_d_fit{2}(jj); 
        theta_dr3 = theta_d_fit{3}(jj); 
        theta_dr4 = theta_d_fit{4}(jj); 
        q_ddr = [0;0; 
                 theta_dd_fit{1}(jj);theta_dd_fit{2}(jj); 
                 theta_dd_fit{3}(jj);theta_dd_fit{4}(jj)]; 
    elseif jj > N_r && jj <= 2*N_r 
        theta1_r = theta_fit{1}(jj-N_r); 
        theta2_r = theta_fit{2}(jj-N_r); 
        theta3_r = theta_fit{3}(jj-N_r); 
        theta4_r = theta_fit{4}(jj-N_r); 
        theta_dr1 = theta_d_fit{1}(jj-N_r); 
        theta_dr2 = theta_d_fit{2}(jj-N_r); 
        theta_dr3 = theta_d_fit{3}(jj-N_r); 
        theta_dr4 = theta_d_fit{4}(jj-N_r); 
        q_ddr = [0;0; 
                 theta_dd_fit{1}(jj-N_r);theta_dd_fit{2}(jj-N_r); 
                 theta_dd_fit{3}(jj-N_r);theta_dd_fit{4}(jj-N_r)]; 
    elseif jj > 2*N_r && jj <= 3*N_r 
        theta1_r = theta_fit{1}(jj-2*N_r); 
        theta2_r = theta_fit{2}(jj-2*N_r); 
        theta3_r = theta_fit{3}(jj-2*N_r); 
        theta4_r = theta_fit{4}(jj-2*N_r); 
        theta_dr1 = theta_d_fit{1}(jj-2*N_r); 
        theta_dr2 = theta_d_fit{2}(jj-2*N_r); 
        theta_dr3 = theta_d_fit{3}(jj-2*N_r); 
        theta_dr4 = theta_d_fit{4}(jj-2*N_r); 
        q_ddr = [0;0; 
                 theta_dd_fit{1}(jj-2*N_r);theta_dd_fit{2}(jj-2*N_r); 
                 theta_dd_fit{3}(jj-2*N_r);theta_dd_fit{4}(jj-2*N_r)]; 
    end 
  
    % Equations of Motion 
    x = q_M(1); z = q_M(2); x_d = u_A(1);   z_d = u_A(2); 
    for ii=1:4 
        eval(['theta' num2str(ii) ' = q_M(' num2str(ii+2) ');']) 
        eval(['theta_d' num2str(ii) ' = u_A(' num2str(ii+2) ');']) 
    end 
  
    M_M =[  We omit the expression of this 6 by 6 matrix. ];  
    H_M = [  We omit the expression of this 6 by 1 matrix. ]; 
  
    H_M = -H_M;     % check the definition of EoM  
                    % The sign is opposite of how it's defined in Multibody Dynamics      
                     
    % Constraints 
    % W_N = [0 1 0 0 0 0]';     % for a simple test 
    % W_T = [1 0 0 0 0 0]';     % for a simple test 
    % g_N = z;                  % for a simple test 
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    W_N =[  We omit the expression of this 6 by 5 matrix. ];  
    W_T =[  We omit the expression of this 6 by 5 matrix.];   
  
    g_N = [  We omit the expression of this 5 by 1 matrix.]; 
  
    w_N_tilde = zeros(size(W_N(1,:)))'; 
    w_T_tilde = zeros(size(W_T(1,:)))'; 
     
    % Controller 
    S = eye(NDoF+2); 
    % q_ddr = zeros(NDoF+2,1); 
    % q_ddr = Trajectory_4DoF_Model(t_M);     % reference trajectory (acceleration) 
         
    a_q = q_ddr + Kp*[0;0;theta1_r-theta1;theta2_r-theta2;theta3_r-theta3;theta4_r-theta4] ... 
         +Kd*[0;0;theta_dr1-theta_d1;theta_dr2-theta_d2;theta_dr3-theta_d3;theta_dr4-theta_d4]; 
    % tau = zeros(NDoF+2,1);     
    tau = M_M*a_q - H_M; 
    % tau = a_q; 
    tau(1:2) = zeros(2,1);      %Only the joints can be controlled. 
     
    gN_M = g_N; 
    I_N = find(gN_M <= 0); 
    n_N = length(I_N); 
     
    if n_N > 0 
        WNM_full = W_N; 
        WFM_full = [W_T]; 
        WNM = WNM_full(:,I_N); 
        WFM = WFM_full(:,I_N); 
  
        wN_tildeM_full = w_N_tilde; 
        wT_tildeM_full = w_T_tilde; 
        wN_tildeM = wN_tildeM_full(I_N); 
        wT_tildeM = wT_tildeM_full(I_N); 
  
        WNA_full = W_N; 
        WNA = WNA_full(:,I_N); 
  
        wN_tildeA_full = w_N_tilde; 
        wN_tildeA = wN_tildeA_full(I_N); 
  
        Lambda_Nk{1} = Lambda_N(I_N); 
        Lambda_Fk{1} = Lambda_F(I_N); 
        k=1;    converged=0; 
     
        while converged ==0     % Augmented Lagrangian Method 
            u_E = u_A + (inv(M_M)*(H_M*dt + WNM*Lambda_Nk{k} + WFM*Lambda_Fk{k} + S*tau*dt))'; 
            q_E = q_M + 0.5*dt*u_E; 
            gamma_NE = WNM'*u_E' + wN_tildeM; 
            gamma_FE = WFM'*u_E' + wT_tildeM; 
            gamma_NA = WNA'*u_A' + wN_tildeA; 
            Lambda_Nk{k+1} = proxCN(Lambda_Nk{k}-r*(gamma_NE + eN*gamma_NA)); 
            Lambda_Fk{k+1} = proxCT(Lambda_Fk{k}-r*gamma_FE,mu*Lambda_Nk{k}); 
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            error = norm(Lambda_Nk{k+1}-Lambda_Nk{k}) + norm(Lambda_Fk{k+1}-Lambda_Fk{k}); 
            converged = error < tol; 
            k = k+1; 
        end 
        Lambda_N(I_N) = Lambda_Nk{k}; 
        Lambda_F(I_N) = Lambda_Fk{k}; 
    else 
        u_E = (inv(M_M)*(H_M*dt+S*tau*dt))'+u_A; 
        q_E = q_M + 0.5*dt*u_E; 
        Lambda_N = zeros(size(Lambda_N)); 
        Lambda_F = zeros(size(Lambda_F)); 
    end 
    t_E = t_M + 0.5*dt; 
    t(jj+1) = t_E;  q(jj+1,:) = q_E;  u(jj+1,:) = u_E; 
     
    if mod(jj,round(N/10)) ==0 
        fprintf('iteration #%.f / %.f at',jj,N); Show_Time_Date 
    end 
end 
  
function y = proxCN(x) 
y = max(x,0); 
  
function y = proxCT(x,a) 
y = min(max(-a,x),a); 
 


