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Abstract— When humanoid robots are going to be used
in society, they should be capable to maintain the balance.
Knowing where to step appears to be crucially important to
remain balanced. This paper contributes the foot placement
indicator (FPI), an extension to the foot placement estimator
(FPE) for planar bipeds with point feet and an arbitrary
number of non-massless links. The method uses conservation
of energy to determine where the planar biped needs to step to
remain in balance. Simulations of the FPI show improved foot
placement for balance with respect to the FPE.

I. INTRODUCTION
How to keep a biped from falling? At first, this seems

a simple question since the majority of biological bipedal
creatures is capable of keeping their balance. However,
answering this question seems remarkably difficult given the
fact that the dynamics and balance of bipedal robots have
been studied in numerous papers. These papers have resulted
in several balance criteria that, if satisfied, guarantee that the
biped does not fall. Notable balance criteria are the zero
moment point (ZMP) [1] and foot rotation indicator (FRI)
[2]. Furthermore, bipedal balance is being analyzed through
Poincaré return maps [3], [4], [5], [6], angular momentum
[7], [8] and hybrid zero dynamics [6] and it is being
controlled by using virtual model control [9], controlled
symmetries [10], inverted pendulum control [11], capture
points [12] and the foot placement estimator (FPE) [13].

The criteria for balance of bipedal robots can rigorously
be divided into two groups. First, there are criteria that
consider tipping of the stance foot as criterion for balance.
Indeed, as long as the stance foot of the biped does not tip
over, the biped remains fully actuated and we can guarantee
that it does not fall. However, these strategies are rather
conservative [14], because to maintain the balance it is not
necessary that the stance foot does not tip over. Humans are
the perfect counter example, since we normally tip our stance
foot during walking.

The second group of criteria considers proper foot place-
ment for balance. Indeed, we maintain our balance if we
know where to put our swing foot in order not to fall.
So knowing where to step is crucial for the balance of a
biped. Due to the importance of proper foot placement, we
focus on foot placement strategies in this paper. Strategies
that compute where to step in order to keep the balance
include: capture points [12] and the FPE [13]. Both strategies
use energy conservation of a very simple (linear) inverted
pendulum model to determine where to step. It is arguable
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if a complex biped with non-massless legs, torso and arms
can be cast into this framework [6]. Namely, the kinetic and
potential energy of the biped depend on the configuration
of its legs, torso and arms. Moreover, the model used in the
capture point method does not include any impact dynamics.
In our opinion, the instantaneous swapping of the stance and
swing leg in these simple models without a double support
phase, does influence the energy contained in the system.
Therefore, we believe that more complex models that take
into account the full dynamics of the biped including ground
impact are important to compute proper foot placement.

In this paper we contribute an extension of the FPE
method to compute where a biped needs to step in order
to maintain its balance. We will refer to this extension
as the Foot Placement Indicator (FPI). The FPI algorithm
uses conservation of energy throughout the step. It works
for planar bipeds with point feet and an arbitrary number
of joints. Unlike (linear) inverted pendulum methods, this
algorithm takes into account impact dynamics and the energy
of all links of the biped to determine proper foot placement.
We apply the algorithm in simulation to a five-link planar
biped and show that we can accurately compute the point
where the biped needs to step in order to maintain its balance.

This paper is organized as follows. In Section II we explain
the main idea behind the FPE as introduced in [13]. In
Section III we introduce the FPI algorithm and in Section
IV we evaluate results in simulation. The paper ends with
conclusions and an outlook to future research.

II. FOOT PLACEMENT ESTIMATOR

The FPE is based on energy conservation during a step.
The FPE is a point on the floor where the biped has to step
such that, when its center of mass (CoM) moves precisely
above its stance foot, all its energy has been converted
into solely potential energy. This particular configuration is
called the balanced standing configuration. It is an important
configuration, because it tells us that a biped will not fall
even if it remains completely passive after stepping.

The FPE is visualized in Fig. 1, where K denotes the
kinetic energy, P the potential energy and q the state of
the system, containing the absolute orientation ϕ and joint
angles θ. We can distinguish three possible scenarios for
stepping near the FPE point: a) stepping onto the FPE point,
b) stepping after the FPE point, and c) stepping before the
FPE point. Each scenario consists of four different biped
configurations: 1) the initial configuration, 2) the impact
configuration, 3) the configuration in which the angular
velocity in the actuated joints vanishes and 4) the final
configuration.
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Fig. 1. A schematic biped stepping relative to the FPE. a) Stepping
precisely at the FPE will perfectly balance the CoM above the stance foot.
b) Stepping after the FPE causes the biped to fall back onto the swing leg.
c) Stepping before the FPE results in falling forward.

In each scenario the biped starts with the initial con-
figuration q0, velocity q̇0, kinetic energy K0 and potential
energy P0. Then, the biped makes a step until an impact
occurs when the swing foot hits the ground. The pre-impact
configuration q−, velocity q̇− and energies K− and P− are
mapped onto the post-impact configuration q+, velocity q̇+
and energies K+ and P+ according to a rigid impact model.
Some time after the impact, the angular velocity in the
actuated joints vanishes and the actuated joint angles θ stop
in θr, whereas the absolute angle ϕ continues to move. From
this moment on, the total amount of energy in the system
remains constant, but its exact value depends on where the
biped stepped at the impact. Three different scenarios can
occur, see Fig. 1. In 3a), the biped steps precisely onto the
FPE point and all the kinetic energy Kr is exactly converted
into potential energy when the CoM gets above the stance
foot. Thus, in 4a) the biped comes to equilibrium in this
balanced standing configuration with potential energy Pb. In
3b) the biped steps after the FPE point and all the kinetic
energy will already be converted into potential energy before
the CoM gets above the stance foot. Therefore, in 4b) the
biped never reaches the balanced standing configuration and
falls back. In 3c) the biped steps before the FPE point and not
all the kinetic energy is converted into potential energy when
the CoM gets above the stance foot. So, in 4c) the biped
reaches the balanced standing configuration with nonzero
velocity and falls forward.

In [13], the model for computation of the FPE consists of
only one point mass at the hip. It is arguable if this model
applied to a complex planar biped with non-massless legs,
torso and arms produces desired results [6]. Namely, if we
assume massless legs, then

1. The total energy of the robot is not dependent on the

configuration of the legs. So by moving the swing leg,
the position of the FPE does not change. In bipeds with
leg mass, the FPE position changes as the legs move.

2. The angular momentum of the biped is not influenced
by its legs. During the impact of the swing leg with the
ground, conservation of angular momentum is applied.
So in bipeds with massless legs, the impact dynamics
is extremely simplified over bipeds with leg mass.

3, There is only one possible balanced standing configu-
ration. In bipeds with leg mass, there exist an infinite
number of balanced standing configurations.

In the next section we present the FPI, which is an extension
of the FPE of [13]. This algorithm is a generalization for
planar bipeds with an arbitrary number of non-massless links.

III. FOOT PLACEMENT INDICATOR FOR
GENERAL PLANAR BIPEDS WITH POINT FEET

We first introduce a general model for planar bipeds with
point feet, after which we derive the FPI algorithm.

A. Model

Under the following assumptions we can model the planar
biped with point feet as a chain of rigid bodies from stance
foot to swing foot, see also Fig. 2:
• No slippage occurs between the stance foot and the

ground, so the biped is pin pointed to the ground in the
stance foot. Here the base coordinate frame is placed.

• The biped consists of N links and n point masses mi

and inertias Ii, i = 1, . . . , n. The biped has N − 1
independently actuated revolute joints described by the
relative coordinates θj , j = 2, . . . , N and one non-
actuated revolute joint described by the absolute coordi-
nate ϕ, representing the absolute angle between the first
link and the ground. We assume that joint friction can
be neglected. The horizontal and vertical positions and
orientation of each mass mi with respect to the base
frame are represented by xi, yi and ωi respectively.

• Impact occurs if the swing leg end comes in contact
with the ground. The impact is instantaneous, so ex-
ternal forces are represented by impulses, actuators are
ignored during the impact for standard reasons [15],
and the impact results in an instantaneous change of the
velocity but no change in configuration. At the moment
of impact, the swing and stance leg swap their role, so
the stance foot lifts from the ground and the swing foot
stays on ground without slipping or rebounding.

Taking into account these assumptions, the biped model can
be written as in [6] pp. 45-79:

Σ =

{
D (q) q̈ + C (q, q̇) q̇ +G (q) = Bu, κ(q) 6= 0, (1a)
q̇+ = ∆ (q−) q̇−, κ(q) = 0, (1b)

where q =
[
ϕ θ>

]>
=
[
ϕ θ2 · · · θN

]> ∈ TN is the
state vector and TN is the N -dimensional toroidal manifold,
D ∈ RN×N is the symmetric positive definite inertia matrix,
Cq̇ ∈ RN is the vector containing Coriolis and centrifugal
terms, G ∈ RN is the gravity vector, B ∈ RN×N−1 is the
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Fig. 2. Schematic of a general model of a planar biped with point feet

input matrix and u ∈ U is the input vector, with U the set
of admissible inputs. The impact matrix is given by ∆ ∈
RN×N and the impact detection function is κ : q → R, which
represents the distance between the tip of the swing foot and
the ground. The − and + subscripts indicate the values of q
just before and after the impact respectively. The equations of
motion (1a) follow from the classical Euler-Lagrange method
[16], whereas the impact map (1b) is derived as in [6] pp.
55-57 based on conservation of momentum [15]:

De(qe+)q̇e+ −De(qe−)q̇e− =

(
∂

∂qe
p(qe−)

)>
F. (2)

Here qe =
[
xs ys ϕ θ>

]> ∈ R2 × TN is the extended
state vector for the system not pin-pointed to the ground,
De ∈ RN+2×N+2 is the extended inertia matrix, p =[
xs ys

]>
is the position of the swing foot, and F ∈ R2

is the vector of momenta induced by the impulsive reaction
forces occurring at the moment of strike of the swing foot
with the ground. In the right-hand side of this expression,
the principle of virtual work is used to map the ground
reaction forces to joint torques. This momentum equation
(2) represents N + 2 equations with N + 4 unknowns: q̇e+
and F . Two additional constraints come from the no slip and
no rebound assumption because this implies that the velocity
of the swing foot tip must vanish during the impact:

∂

∂qe
p(qe−)q̇e+ = 0. (3)

Solving (2) together with (3) for q̇e+ yields (1b).

B. FPI algorithm

Now we present the FPI algorithm by first introducing
some necessary expressions, after which derivation of the
foot placement algorithm follows. The kinetic and potential
energy of the biped are given by:

K(q, q̇) =
1

2

(
(ẋ21 + ẏ21)m1 + · · ·+ (ẋ2n + ẏ2n)mn

)
+

1

2
(ω̇2

1I1 + . . .+ ω̇2
nIn) (4)

P (q) = g(y1m1 + · · ·+ ynmn), (5)

where g is the gravitational constant. Moreover, the total
center of mass position is given by:

rCoM (q) =
1

mtot

[
x1m1 + · · ·+ xnmn

y1m1 + · · ·+ ynmn

]
, (6)

with mtot =
∑n

i=1mi. From these expressions, we can de-
rive the balanced standing configuration. This configuration
has to fulfill two conditions, first the CoM position rCoM

must lie exactly above the stance leg end, and secondly, the
kinetic energy K should be zero. So the set of all possible
balanced standing configurations is:

B =
{
q
∣∣∣rCoM =

[
0 h

]>
,K = 0

}
, (7)

where h > 0 is the CoM height. Substituting (4) and (6) into
(7), the set of balanced standing configurations yields:

B =

{
q

∣∣∣∣∣
n∑

i=1

ximi = 0, ẋi = 0, ẏi = 0, i = 1, . . . , n

}
. (8)

From this set, we can use the horizontal CoM position to find
a unique expression for the absolute angle in the balanced
standing configuration as a function of the relative angles:

ϕb = f(θb). (9)

This absolute orientation is unique, since for given relative
joint angles there is only one absolute orientation such that
the CoM is exactly above the stance foot. The opposite is not
true, because for any absolute orientation, multiple relative
joint angles correspond to balanced standing configurations.

In the derivation of the FPI, we first consider the phase
from the impact to the balanced standing position after
which we explain how this can be used to compute the FPI
before the impact. The symbols r and b are used for the
corresponding variable at the time instant when the relative
angular joint velocities vanish and at the balanced standing
configuration respectively. Friction is neglected, so in Fig. 1,
3a) we have the following energy balance:

K(qr, q̇r) + P (qr) = P (qb), (10)

where qr =
[
ϕr θ>r

]>
is the state of the system at the

moment the relative angular joint velocities vanish:

q̇r =
[
ϕ̇r θ̇>r

]>
=
[
ϕ̇r 0>

]>
. (11)

We will now derive expressions for these angles and angular
velocities as function of states before the impact, such
that we can estimate the post-impact kinetic and potential
energies and find the desired step location before the impact.

First we consider the actuated joint angles and angular
velocities. These joints are actively controlled, so we can
use feedback control to move them to a desired orientation.
Here, we assume that we do not have to change the internal
configuration of the biped after the impact1, this orientation

1Locking the joints is not the same as the original FPE, since the FPI
uses the full model dynamics before impact. Locking is not required if the
systems stays passive after impact.



is fixed by feedback control throughout the rest of the step:

θ− = θ+ = θr = θb, (12)

where θb are the actuated joint angles at the balanced
standing configuration. Thus, after the impact, we only have
to bring the post-impact internal angular velocity θ̇+ to zero
using feedback control. Now, we found expressions for θr
and θb in (12), θ̇r in (11) and ϕb in (9), so what remains to
be derived in (10) is the non-actuated angle ϕr and angular
velocity ϕ̇r. This joint is not actuated, so we cannot control
it actively. We need to estimate the influence of the feedback
control of the actuated joints on the non-actuated joint. The
influence can be estimated using conservation of angular
momentum if we assume that feedback control can bring the
actuated joint angular velocities to zero significantly fast, so
that the change in the absolute angle can be neglected:

ϕr = ϕ+ = ϕ−. (13)

Conservation of angular momentum now states that the time
derivative of the angular momentum about a fixed point is
equal to the moments induced by external forces acting about
this fixed point ([17], pp. 490). If we take the base coordinate
frame as the fixed point, the only external force is gravity.
We assumed that the configuration does not change, so
gravitational forces do not change and we conserve angular
momentum. Thus we can use (2) and (3) with additional
constraints induced by the feedback control on the internal
configuration p =

[
xs ys θ>−

]>
to find an expression for

the non-actuated angular velocity:

ϕ̇r = ∆FPE(q−)q̇−. (14)

Now, by substituting (11), (12), (13) and (14) into (10) we
obtain an expression in terms of states before the impact
which has to be fulfilled to let the biped evolve to the
balanced standing configuration:

K(ϕ−, θ−,∆FPI(ϕ−, θ−)q̇−, 0) + P (ϕ−, θ−)

= P (ϕb, θ−). (15)

So, this expression tells us that if the impact occurs and the
configuration is

[
ϕ−, θ>−

]>
, then the system will evolve to

the configuration
[
ϕb, θ

>
−
]>

and, hence, the biped is bal-
anced, because

[
ϕb, θ

>
−
]>

=
[
ϕb, θ

>
b

]> ∈ B. Consequently,
before the impact, we solve this equation at every time instant
as if the impact would occur at the next time instant. So this
equation is evaluated using the current ϕ and q̇ to find θFPI :

K(ϕ, θFPI ,∆FPI(ϕ, θFPI)q̇, 0) + P (ϕ, θFPI)

= P (ϕb, θFPI). (16)

Solving this equation for θFPI gives us the desired FPI
location that indicates where the foot would need to be placed
to balance the biped if the impact were to occur in the next
instant. We can solve (16) at each time instant before the
impact as follows using the current q and q̇ to find θFPI :

1. find an expression for ϕb as function of θ as in (9),

2. use ϕb and θ to compute the potential energy of the
balanced standing configuration P (ϕb, θ) using (5),

3. assume that the impact occurs at the next time instant,
so compute using (14) the absolute angular velocity
of the biped ϕ̇r after the impact and after the relative
angular joint velocities vanish,

4. use ϕ̇r, the current ϕ and θ in (4) to
compute the kinetic energy after the impact:
K(ϕ, θ,∆FPI(ϕ, θ)q̇, 0),

5. use the current ϕ and θ in (5) to compute the potential
energy after the impact: P (ϕ, θ),

6. solve the FPI equation (16) for θ. The solution is the
desired configuration θFPI .

This desired configuration θFPI can be tracked by a con-
troller so that if impact occurs, the foot is properly placed.

The solution of (16) is in general not unique if the
planar biped has more than two degrees of freedom. Namely,
there might be more pre-impact configurations such that the
biped evolves to a balanced standing configuration. Multiple
options exist to find a unique solution for bipeds with more
degrees of freedom. The most elegant one is by using virtual
holonomic constraints [6] to relate the joints in one leg to one
parameter that describes the position of the swing foot with
respect to the hip. In essence, one would constrain the motion
of the high order model to a lower order one, but still take
into account the kinetic and potential energies of all links
in the system. Alternatively, one could also use a constraint
optimization method which minimizes, for example, energy
consumption with (16) as constraint.

IV. EXAMPLE: FIVE LINK PLANAR BIPED

In this section, the FPI algorithm is applied in an example
to a model of a five link biped. This model is shown in
Fig. 3. The model consists of five point masses and contains
two lower legs, two upper legs and a torso. We derive the
equations of motion as in (1) and implement these in a
numerical simulation.

We can now use (4), (5) and (8) in the FPI algorithm to
find the desired configuration θFPI from (16) and track this
using PD feedback controllers. As we have seen before, there
is no unique configuration from which the biped evolves to
the balanced standing configuration, so we enforce the stance
leg to be always fully stretched: θFPI,2 = 0 and the torso
to be always perpendicular to the ground: θFPI,3 = −ϕ.
Furthermore, we use a virtual holonomic constraint on the
swing leg angles θFPI,4 and θFPI,5 in the parameter α,
such that the swing leg is always as ‘stretched’ as possible,
without penetrating the ground:

L = min

(
l4 + l5,

yhip − Lfc

cos(α)

)
, (17)

where Lfc > 0 is a desired foot clearance height. In this
way, we can uniquely solve the FPI equation for αFPI .

In three simulations we compute the FPI point and show
the results for a biped stepping exactly onto the FPI point,
after the FPI point and before the FPI point. We already
hypothesized these scenarios in Fig. 1 and, as can be seen
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Fig. 3. Schematic of the five link planar biped model

in Fig. 4, the simulations confirm our expectations. In each
simulation, the robot starts with the same initial configuration
and velocity, but we intentionally adjusted the accuracy of the
joint PD tracking controllers in two simulations to show the
differences between the three scenarios. The FPI algorithm
computes at each time instant before the impact the FPI
angle αFPI from (16). Joint PD feedback control brings the
actual α to the FPI angle as can be seen in the bottom plots
in Fig. 4. These figures show, from left to right, that the
robot steps onto the FPI point, steps after the FPI point
and steps before the FPI point. The dotted vertical lines
indicate the moments of impact. In the top plots in Fig. 4
relevant energies are shown. Here, the actual kinetic energy
K, potential energy P and total energy E are plotted, as
well as the estimated post-impact kinetic energy Kr, post-
impact potential energy Pr and final potential energy in the
balanced standing configuration Pb.

We can observe in each simulation that before the impact,
the biped falls forward, so the kinetic energy K increases
whereas the potential energy P decreases. At the impact, a
clearly visible drop in kinetic energy can be noticed, whereas
the potential energy is constant over the impact. This also
results in a steep drop in the total energy E at the impact.
After the impact, even more energy is dissipated when the
relative angular joint velocities vanish (visible in the inset in
the energy plots). After the relative angular joint velocities
vanish, the total energy E in the system remains constant.
The biped continues the motion forward and converts the ki-
netic energy into potential energy. The observable differences
between the simulations can be explained as follows:

a) the FPI method accurately estimates the post-impact
kinetic energy Kr, post-impact potential energy Pr and
balanced standing configuration potential energy Pb,
since these coincide with the actual kinetic energy K,
potential energy P and total energy E after the impact.
When the relative angular joint velocities vanish, the
total energy in the system remains constant, so the rela-

tion Kr + Pr = Pb holds. Indeed, we can observe that
the biped converts all the kinetic energy into potential
energy and stops at the balanced standing configuration.

b) the FPI method overestimates the post-impact kinetic
energy Kr, post-impact potential energy Pr and bal-
anced standing configuration potential energy Pb. When
the relative angular joint velocities vanish, the total
energy remains constant, but is smaller than the required
balanced standing configuration potential energy: Kr +
Pr = Pb > Er, where Er is the actual total energy in
the system after the impact. The biped converts all the
kinetic energy into potential energy before it reaches the
balanced standing configuration and falls back.

c) the FPI method underestimates the post-impact kinetic
energy Kr, post-impact potential energy Pr and bal-
anced standing configuration potential energy Pb. When
the relative angular joint velocities vanish, the total
energy remains constant, but is larger than the required
balanced standing configuration potential energy: Kr +
Pr = Pb < Er. The biped reaches the balanced standing
configuration with nonzero kinetic energy and falls.

These three simulations clearly show that we can accurately
compute the foot placement location for planar bipeds with
point feet.If we apply proper control, the biped can step ex-
actly onto the desired foot location and it remains balanced.

We also compute the original FPE angle αFPE as in [13]
during the simulations and compare these to αFPI in the
bottom plots of Fig. 4. We can clearly see that the original
FPE algorithm does not estimate the foot placement properly.
We believe that this is caused by simplification of the five-
link model to an inverted pendulum. The movement of the
swing leg is large and it significantly influences the kinetic
and potential energy of the biped.

This comparison is a driver to further develop the FPI
method, such as to overcome some limitations of the
method in its current form and make it applicable to three-
dimensional bipeds with feet. Especially the assumption that
the relative joint velocities vanish significantly fast after the
impact might be unrealistic on a real robot. This assumption
will become obsolete if we manage to extend the algorithm
to three-dimensional bipeds with feet, since with feet we
should be capable to control the absolute angle ϕ directly if
the stance foot remains flat on the ground.

V. CONCLUSION AND FUTURE WORK

In this paper we introduced the foot placement indicator
(FPI), which is an extension of the foot placement estimator
method to planar bipeds with point feet and an arbitrary
number of links. The FPI algorithm can accurately compute
where a biped needs to step in order to evolve to a balanced
standing configuration, i.e. the configuration in which the
biped is in equilibrium and its center of mass lies exactly
above its stance foot. We derived the necessary expressions
that are used to calculate the FPI point. These expressions are
based on energy conservation in the system, properly taking
into account energy losses during the impact. We showed
applicability of the algorithm in simulations of a five-link
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(a) Relevant energies in scenario a)
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(b) Relevant energies in scenario b)
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(c) Relevant energies in scenario c)
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(d) Swing leg trajectory scenario a)
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(e) Swing leg trajectory scenario b)
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Fig. 4. Simulation results for the three different scenarios. Top figures show relevant energies: actual kinetic energy K, actual potential energy P , actual
total energy E, estimated post-impact kinetic energy Kr , estimated post-impact potential energy Pr and estimated balanced configuration potential energy
Pb. The inset is a magnification of the marked area. Bottom figures show the swing leg actual angle α, desired FPI angle αFPI and FPE angle αFPE .

planar biped. The simulation results showed that the FPI
algorithm works better than the FPE algorithm on robots
with non-massless links. It can accurately compute the FPI
point where the biped needs to step to evolve to the balanced
standing configuration. Future work includes extension of the
algorithm to three-dimensional bipeds with feet.
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